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ABSTRACT 
The mechanism of rock failure and the transfer of impact 
energy in percussive rock destruction are considered. 
The indentor force at chip failure, and a lower limit 
for the crater volume to work ratio are obtained theoretically 
for a conical indentor and a brittle rock material. Compari­
son with experimental results indicates that the prescription 
of a conical failure surface and a Coulomb-Mohr failure 
criterion that is satisfied all over the failure surface 
leads to an overèstimation of the force required to fracture 
the rock. 
Methods of percussive rock destruction corresponding to 
churn drilling, down-the-hole drilling and hammer drilling 
are compared. Theoretically, efficiencies (work performed 
on rock/impact energy) higher than 90 per cent are attainable 
for any of the methods. These efficiencies are fairly in­
sensitive to variations in bit mass, force-penetration con­
stants, hammer cross sectional area and hammer length. 
The hammer drilling method is examined in greater detail. 
It is found that no energy is transferred from the second 
incident stress wave to the rock when the hammer length is 
greater than a certain value. The influence of incident 
stress wave shape and also of non-linear force-penetration 
path at loading is demonstrated. 
The efficiency of stress wave energy transfer through 
joints between drill rods is determined. It is shown that 
only slightly lower efficiencies are normally obtained by 
treating the joints as being rigid instead of elastic. For a 
single rigid joint and a rectangular incident wave it is 
found that the efficiency is nearly as high as the highest 
one attainable for any incident wave of equal length. 
Stress waves determined theoretically from the models 
employed agree well with those measured. 
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ZUSAMMENFASSUNG 
Der Bruchmechanismus in Gestein und die Umwandlung von 
Stossenergie beim schlagenden Gesteinsbohren werden behandelt. 
Die Kraft an der Schneide beim Splitterbruch und eine 
untere Grenze für das Verhältnis zwischen Kratervolumen und 
an der Schneide geleisteter Arbeit werden für eine konische 
Schneide und sprödes Gesteinsmaterial bestimmt. Ein Ver­
gleich mit experimentellen Resultaten zeigt, dass die Annahme 
einer konischen Form der Bruchfläche und das Erfüllen eines 
Coulomb-Mohr-Bruchkriteriums auf der ganzen Bruchfläche zu 
einer Ueberschätzung der erforderlichen Bruchlast führt. 
Methoden der schlagenden Gesteinszerstörung, welche dem 
Stossbohren, dem Senkbohren und dem Hammerbohren entsprechen, 
werden verglichen. Theoretisch können mit jeder dieser Me­
thoden Wirkungsgrade (am Gestein geleistete Arbeit/Stoss­
energie) von mehr als 90 Prozent erzielt werden. Diese 
Wirkungsgrade sind relativ unempfindlich gegen Aenderungen 
der Masse der Bohrkrone, der Kraft-Eindringtiefe-Konstanten, 
der Querschnittsfläche und der Länge des Hammers. 
Die Methode des Hammerbohrens wird detaillierter unter­
sucht. Es zeigt sich, dass von der zweiten einfallenden Span­
nungswelle keine Energie auf das Gestein übertragen wird, wenn 
die Hammerlänge grösser ist als ein bestimmter Wert. Der 
Einfluss der Form der einfallenden Spannungswelle und der­
jenige eines nichtlinearen Verlaufs der Kraft-Eindringtiefe-
Funktion bei Belastung wird aufgezeigt. 
Der Wirkungsgrad des Spannungswellen-Energietransportes 
durch Verbindungen zwischen Verlängerungsbohrstangen wird 
bestimmt. Es wird gezeigt, dass man normalerweise nur wenig 
kleinere Wirkungsgrade erhält, wenn man die Verbindungen so 
behandelt, wie wenn sie starr statt elastisch wären. Man 
findet, dass für eine einzelne starre Verbindung der Wirkungs­
grad für eine einfallende Welle mit Rechtecksform fast eben-
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so hoch ist wie der Höchste für irgendeine einfallende Welle 
derselben Wellenlänge erzielbare. 
Spannungswellen, die mithilfe der verwendeten Modelle 
theoretisch bestimmt werden, stimmen gut mit den Gemessenen 
überein. 
RESUME 
On considère le mécanisme de rupture de la roche et le 
transfert de l'énergie d'impact lors de la destruction de 
roche par percussion. 
On obtient théoriquement la force nécessaire à une pointe 
pour détacher un éclat de roche et une limite inférieure du 
rapport du volume de cratère au travail, ceci pour une pointe 
conique et une roche cassante. La comparaison avec des résul­
tats expérimentaux montre que si l'on admet l'hypothèse que 
la rupture se fait suivant une surface conique et que le cri­
tère de rupture de Coulomb-Mohr s'applique à toute cette sur­
face, on est amené à une surestimation de la force nécessaire 
à la rupture de la roche. 
On compare les méthodes de destruction de roche par per­
cussion qui correspondent au forage par battage, au forage par 
marteau perforateur (noyé) en fond de trou, et au forage au 
marteau perforateur. Théoriquement, des rendements (travail 
transmis à la roche/énergie d'impact) de plus de 9 0 pour cent 
peuvent être obtenus pour chaque méthode. Ces rendements 
varient assez faiblement avec la masse du burin, les constan­
tes de forces de pénétration, la section et la longueur du 
marteau. 
La méthode au marteau perforateur est examinée plus en 
détail. On montre qu'il n'y a pas transmission d'énergie à la 
roche par la seconde onde de contrainte incidente, lorsque la 
longueur du marteau dépasse une certaine valeur. On montre 
l'influence de la forme de l'onde incidente ainsi que de 
l'évolution non linéaire de la force de pénétration lors de la 
charge. 
On détermine l'efficacité du transfert d'énergie (onde 
de contrainte) au travers des jonctions réunissant les barres 
de forage. On démontre que si l'on suppose les jonctions ri­
gides, l'on obtient des efficacités qui ne sont que faible­
ment inférieures à celles calculées en supposant les jonctions 
élastiques. Pour une jonction unique rigide et une onde inci­
dente rectangulaire on trouve que l'efficacité est presque 
aussi bonne que la meilleure efficacité obtenable par n'impor­
te quelle onde incidente de même longueur. 
Les ondes de contrainte déterminées théoriquement à 
partir des modèles employés coïncident bien avec celles mesu­
rées . 
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There are often two opposite approaches to the theoretical 
solution of physical or technological problems. The first 
approach involves the establishment of a simple model which 
represents only the most essential properties of the actual 
physical system. From mathematical analysis, the most impor­
tant behaviour of the actual system is obtained for a wide 
variety of conditions. The second approach involves the 
establishment of a more complete model which gives an accurate 
representation of the actual physical system. From mathemat­
ical analysis, the detailed behaviour of the actual system is 
obtained, sometimes under more restricted conditions. The 
first approach has, besides from generality and mathematical 
simplicity, the advantage of facilitating the physical under­
standing of many essential phenomena involved and will generally 
be adopted here in the study of some basic problems connected 
with percussive rock destruction. 
Particular attention will be given to the mechanism of 
rock destruction and the conversion of kinetic impact energy 
to work in rock destruction. Some results obtained from the 
analyses of different models representing the same physical 
system will be compared. Some results of analyses will also 
be compared with results from experiments. 
In the remainder of Chapter 1 a brief presentation of the 
techniques of percussive rock destruction and a literature 
review will be given. In Chapter 2 the problem of bit pene­
tration into rock material will be considered and information 
regarding force-penetration relationship and ratio of crater 
volume to work will be obtained. In Chapter 3 three basic me­
thods of percussive rock destruction will be compared mainly 
with regard to their efficiencies. In Chapter 4 a number of 
problems connected with one of the three methods, the hammer 
drilling method, will be treated separately while Chapter 5 
2 
will deal with the efficiency of transfer of stress wave 
energy through joints between drill rods. Finally, in Chap­
ter 6, significant assumptions, results and conclusions will 
be summarized. 
The problems have been chosen from those met by the 
author in his research work at the Central Physics Laboratory 
of Atlas Copco AB during 1967-1971 (LUNDBERG, 1967-1971, 1968). 
1.2. Techniques of Percussive Rock Destruction 
The percussive destruction of rock is very old as an art 
and well established as a technology. Yet fundamental under­
standing of many phenomena involved is quite young. Thus, 
for many centuries it has been possible to destroy rock by 
means of simple percussive tools and for more than one cen­
tury pneumatic percussive rock drills have been used. In 
contrast to this, fundamental knowledge about the basic 
mechanics of percussive rock destruction was not significant­
ly improved until recently. 
If the various applications of percussive rock destruc­
tion are studied, it is found that they are often based upon 
one of the three basic methods briefly described below. 
In the first method a hammer with a bit attached to its 
front impacts the rock, which is thereby crushed and chipped. 
In the second method a hammer impacts a bit, which before 
impact rests against the rock. In the third method a hammer 
impacts a rod, which is long in comparison with the hammer. 
During impact a stress wave is generated in the rod. This 
stress wave propagates towards the bit at the end of the rod, 
where it is partly reflected. Under the combined action of 
the incident and reflected stress waves the bit is forced 
into the rock, which is thereby crushed and chipped. 
All three methods may be looked upon as methods of force 
transformation : The low level long duration force accéléra-
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ting the hammer is transformed by impact into a high level 
short duration force which facilitates destruction of rock 
(FISCHER, 1960). 
Three main fields of application of these basic methods 
of percussive rock destruction are churn drilling, down-the-
hole percussive drilling and hammer drilling respectively. 
Therefore, the methods will subsequently be referred to as 
the "churn drilling method", the "down-the-hole drilling 
method" and the "hammer drilling method" even if the complete 
process of "drilling" is not considered. The three methods 
are also frequently applied in different types of drop-hammers 
in rock drilling and rock mechanics research. They are sche­
matically illustrated in Fig. 1.1. 
Churn Down-the- Kammer 




Fig. 1.1. Basic methods of percussive rock destruction. 
The most important of the applications mentioned is 
hammer drilling, which is extensively utilized in the dril­
ling of blast holes in medium hard and hard rock. There­
fore, a brief description of hammer drilling is given below. 
Information about applications including hammer drilling 
can be found in several books (e.g. RYD & HOLDO, 1956; MCGREGOR, 
1967; FINKEL, KALLDIN, LUNDBERG, LUNDQVIST & MEYER, 1969). 
A schematic representation of a hammer drill system is 
illustrated in Fig. 1.2. 
Cylinder Flushing Rod Rock 
P52 
Feed Rotation Joint : amine r Bit 
Fig. 1.2. A schematic representation of a hammer drill 
system. 
A hammer drill comprises a cylinder with a reciprocating 
hammer. The source of energy is usually compressed air, 
but others are also used. Through impact, the kinetic energy 
of the accelerated hammer is transformed into stress wave 
energy in the drill rod, which is rotated at a certain angle 
between each blow. When deep holes are drilled there may 
be several rods joined together. Each of the joints usually 
gives rise to loss of energy, since stress wave energy is 
reflected and the joints are also heated as a result of 
friction. Finally, the stress wave reaches the bit and 
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causes one or several cutter elements to destroy the rock. 
The stress wave reflected from the bit gives rise to another 
stress wave, which is generated in the upper end of the drill 
rod. This stress wave may cause further rock destruction 
when it arrives at the bit. 
To make drilling efficient it is important that the frag­
ments of rock are continuously conveyed away from the hole 
bottom. This is done by the aid of a flushing fluid (usually 
air or water) which is conducted through a central hole in 
the drill rod and one or several holes in the bit. The frag­
ments are then transported in the space between the drill rod 
and the wall of the bore hole to the rock surface. 
To keep the rock drill in position it is necessary to 
exert a thrust force upon it. The thrust is also important 
in forcing the bit towards the rock and thus making transfer 
of energy to the rock efficient. 
The technical development of pneumatic rock drills from 
1857 to 1962 can be followed in a review by HOLDO (1962). 
1.3. Literature Review 
Discussions of literature in the field of percussive rock 
destruction have previously been presented e.g. by FISCHER 
(I960), HUSTRULID (1968) and HUSTRULID & FAIRHURST (1971). 
Fundamental ingredients of percussive rock destruction 
are the phenomena of longitudinal impact and stress wave 
propagation. Some of the first treatments relevant to the 
situations in percussive rock destruction were given by 
DE SAINT-VENANT (1867, 1868) at approximately the same time 
as the first pneumatic rock drills came into use (see e.g. 
HOLDO, 196 2) . This elementary theory has later been applied 
by a large number of investigators. Thus the impact problem 
has been treated analytically (e.g. DONNELL, 1930; DAHL, 1932; 
ARNDT, 1960) as well as graphically (e.g. DE JUHASZ, 1942, 
1949; FISCHER, 1960) and numerically (e.g. SIMON, 1963a; 
DUTTA, 1968; FU & PAUL, 1970). 
In the elementary theory of elastic waves several re­
strictive assumptions are made which limit the applicability 
of the theory. A theory which is based on the fundamental 
equations of linear elasticity was developed by POCHHAMMER 
(1876) and CHREE (1889). However, their theory is limited 
to propagation of elastic waves in infinite cylindrical rods 
and therefore has been applied to only a few practical pro­
blems. Recently, however, it has become possible to solve 
linear elasticity impact problems by means of finite differ­
ence (e.g. BERTHOLF, 1966) or finite element (e.g. FU, 1970) 
methods. To avoid mathematical difficulties several approx­
imate theories have also been developed. Thus LOVE (1927) 
introduced a one-dimensional theory which took radial inertia 
into consideration while MINDLIN & HERRMANN (1951) developed 
a one-dimensional theory in which radial shear was also 
taken into account. However, most theories of elastic waves, 
other than the elementary theory, have been only occasionally 
applied to problems connected with percussive destruction of 
rock, and in this respect their greatest value appears to be 
their ability to predict the range of applicability of the 
elementary theory and to explain certain phenomena (e.g. 
dispersion) which cannot be understood from the elementary 
theory alone. Information regarding elastic wave propagation 
in rods can be found in several reviews (e.g. ABRAMSON, PLASS 
& RIPPERGER, 1958; MIKLOWITZ, 1960; KOLSKY, 1963). 
Another fundamental ingredient in percussive rock destruc­
tion is the interaction between a cutter element and rock. 
It includes for instance the mechanism of rock failure, the 
relationship between force and penetration and the relation­
ship between crater volume and supplied energy. A large 
number of contributions have been given in this field during 
the last 20 years. 
Experimental results from "static" (in presses) (e.g. 
FAIRHURST, 1961b; LUNDQVIST, 1968) as well as "dynamic" (in 
drop-hammers)(e.g. PENNINGTON, 1954; HARTMAN, 1959, 1962; 
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FAIRHURST, 1961b; STEPHENSON, 1963; HUSTRULID, 1968) tests 
performed for different types of cutters and rock materials 
have been reported. In the theoretical approaches some 
investigators have assumed the rock material to behave in a 
brittle manner (e.g. SINGH & HARTMAN, 1961; TANDANAND & 
HARTMAN, 1961; PAUL & SIKARSKIE, 1965; LUNDBERG, 1967; 
LUNDBERG, LUNDQVIST & MEYER, 1968; MILLER & SIKARSKIE, 1968; 
PAUL & GANGAL, 1969; BENJUMEA & SIKARSKIE, 1969) while others 
have assumed the rock material to behave in a ductile manner 
(e.g. CHEATHAM, 1958, 1964; PAONE & TANDANAND, 1966; PARISEAU 
& FAIRHURST, 1967; PARISEAU, 1971). The latter approach is 
often necessary when the rock material is subjected to a state 
of high hydrostatic pressure. 
MILLER (1966) considered the influence of the duration 
of loading. According to Miller, the specific energy (ratio 
between supplied energy and crater volume) in percussive 
rock destruction, which is normally of the order of the com­
pressive strength of the rock material (TEALE, 1965), could 
be considerably decreased if the duration of the load is 
decreased a few orders of magnitude. However, it should be 
observed that the specific energy obtained in conventional 
percussive rock destruction is generally much lower than the 
specific energies obtained in most suggested "exotic" methods 
of rock destruction (MAURER, 1968). 
SIMON (1963b) studied the energy balance in percussive 
rock destruction and found that the energy associated with 
the formation of new surfaces is negligibly small. He con­
cluded that most of the energy consumed is represented by 
elastic strain energy developed by the loading. This energy 
is largely dissipated in the form of stress waves generated 
by the high rate of unloading in front of propagating cracks. 
Indexing, which is connected with the influence of pre­
viously formed craters on craters under formation, has been 
studied by several investigators and an extensive review 
and discussion of their results was given by HUSTRULID (1968). 
Indexing appears to facilitate a considerable increase in 
the crater volume per blow if it takes place on a smooth 
and previously undamaged surface of rock. However, HARTMAN 
(1966) found that under real drilling conditions with index­
ing on a previously cratered surface, indexing does not play 
a major role in affecting the drilling process. 
Little appears to have been published about the funda­
mentals of the churn drilling method even though it has been 
extensively applied in different types of drop-hammer experi­
ments (e.g. PENNINGTON, 1954; HARTMAN, 1959; STEPHENSON, 
1963; HUSTRULID, 1968). Sometimes, in such experiments, the 
hammer is short and thick and treated as a rigid mass, i.e. 
force and penetration are determined from the measured de­
celeration of the hammer and it is assumed that when the 
penetration velocity has dropped to zero, the hammer has 
completely delivered its kinetic energy to the rock. Some­
times, the hammer is a long slender rod, and force and pene­
tration are then determined from stress wave measurements. 
Finally, sometimes the hammer can be considered to be neither 
a "lumped mass" nor a "long rod". 
The difference between a "lumped mass" and a "long rod" 
drop-hammer was discussed by STEPHENSON (196 3), who found 
the former type of drop-hammer preferable in his experiments. 
HUSTRULID (1968) observed that for such drop-hammers, energy 
transfer depends on hammer geometry and rock properties. He 
also developed a computer program which made energy transfer 
computations possible. In an example he showed that when 
the penetration resistance increases by a factor of 20/3 the 
efficiency of energy transfer to rock decreases from 98 to 
87 per cent. Thus, he concluded, many experimental results 
obtained in different drop-hammers cannot be compared directly. 
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Recently, papers have appeared dealing with the down-the-
hole method. PFLEIDER & LACABANNE (1961) discussed how to 
increase the power at the bottom of the drill hole in order 
to obtain an increased rate of penetration. However, they 
did not treat transfer of energy to the rock. This was later 
done by BAILEY (1967) who developed a computer program for 
the study of a down-the-hole percussive system, represented 
as a hammer and a bit each composed of two segments with 
constant cross sectional areas. As a result of the computa­
tions, he obtained efficiency of energy transfer to rock and 
maximum stress in hammer or bit. The quantity he tried to 
maximize is the ratio of efficiency and maximum stress rather 
than the efficiency. Bailey's paper was discussed by 
HUSTRULID & FAIRHURST (1967) who explained the relatively 
high and constant efficiency (73.5 - 83.5 per cent) obtained 
for the down-the-hole percussive system studied by Bailey. 
They concluded that the reason seems to be that the bit, in 
behaviour, approaches a "lumped" or rigid mass. 
Another approach in the study of a similar system was em­
ployed by SCHMAUCK (1969), who studied a down-the-hole per­
cussive system represented as a hammer with a constant cross 
sectional area and a bit composed of two segments, each with 
a constant cross sectional area. While Bailey described the 
interaction between bit and rock in terms of a force-penetra­
tion relation, Schmauck introduced a characteristic impedance, 
defined as the ratio between force and penetration velocity. 
Also, while Bailey studied the problem numerically, Schmauck 
used an essentially analytical method introduced by ARNDT 
(1959) . 
Of the three basic methods of percussive rock destruction, 
most attention has been paid to the hammer drilling method. 
An early attempt to analyse the transfer of energy to rock 
was made by DAHL (1932). However, he was prevented from 
completing his analysis because of insufficient experimental 
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information regarding the bit penetration process. Attempts 
were made later by TAKAOKA & HAYAMIZU (1956), who assumed 
that the penetration resistance was independent of penetra­
tion, and by FAIRHURST & KIM (1958) . Further analysis was 
given by FAIRHURST (1961a, c) who assumed a linear force-
penetration loading relationship (force proportional to pene­
tration) . He showed that if the stress wave incident to the 
bit is a certain exponential function of time (amplitude in­
creasing) , then the reflected stress wave is zero and conse­
quently the efficiency of energy transfer to rock is 100 per 
cent. Later, SIMON (1964) extended Fairhurst's investiga­
tions by considering efficiency of energy transfer from drill 
rod to rock when the incident stress wave is of a type which 
is common in hammer drilling. For different types of inci­
dent stress waves he found that the efficiency assumes a 
maximum value for a certain length of the stress wave. Thus, 
for a rectangular stress wave, he obtained a maximum effi­
ciency of 82 per cent provided that the force-penetration 
loading relationship is linear. Also, for a given incident 
stress wave, Simon determined what force-penetration relation­
ship would allow complete energy transfer to rock, that is 100 
per cent efficiency. 
A common conclusion from the investigations by Fairhurst 
and Simon is that for obtaining complete transfer of energy 
to rock, either the stress wave or the force-penetration 
relationship or both must be different from that which it is 
normally possible to realise. 
An unsuccessful attempt to obtain nearly complete energy 
transfer to rock was made by LONG (1966). 
In the investigations discussed above, energy transfer 
only from the first incident stress wave of each blow was 
considered. However, the reflected stress wave at the bit 
is reflected again at the upper end of the drill rod and 
gives rise to a second incident stress wave towards the bit 
and so on. FURBY (1964) observed that some of these later 
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incident stress waves may give rise to further penetration 
of the bit into the rock and, consequently, all energy that 
is transferred to the rock is not necessarily transferred 
during the first reflection. This possibility was consider­
ed by HUSTRULID (196 8), who showed that in many normal situ­
ations all energy that is transferred to the rock is trans­
ferred during the first two reflections. Normally, the drill 
system is so designed that the greatest part of this energy 
is transferred during the first interaction at the bit-rock 
interface. 
Several investigators have paid attention to the need of 
thrust in hammer drilling (e.g. ARNDT, 1958; SIMON, 1964; 
HUSTRULID, 1968). Hustrulid obtained drilling rate as a 
function of thrust force and other parameters. 
Lately, stability of motion has been considered for im­
pact tools. This was done by e.g. FU & PAUL (1968) who 
studied a two-degree-of-freedom system where two rigid masses 
connected with a linear spring represented the tool case and 
the hammer. The delivery of energy from the hammer was de­
scribed by means of an effective coefficient of restitution, 
and, thus, the system studied might as well represent any of 
the three methods of percussive rock destruction described 
above. The stability of the system was found to be very 
weak in the sense that a solution is stable only for extreme­
ly small perturbations. 
The problem of energy transfer through joints between 
rods has been treated by FISCHER (1960), who assumed the 
joint to behave as an elastic swell on the rod. However, 
Fischer noticed that even a slight lack of contact between 
the rod surfaces seriously influences the joint behaviour. 
This was further demonstrated by means of photoelastic tech­
niques by BABENKOV, IVANOV & HESIN (1965) who found that the 
efficiency of energy transfer through a joint decreased from 
94 per cent to 81 per cent when, in a particular case/ the 
contact between the two drill rods disappeared. Also, 
TAKAOKA, HAYAMIZU & MISAWA (1958 in Japanese; see FAIRHURST, 
1961a) found that frictional losses in the joint may be of 
the same order of magnitude as the losses due to reflected 
stress waves. However, the frictional losses depend to a 
large extent on the particular joint type and therefore they 
may be difficult to take into account in a general way. Few 
results regarding efficiency of energy transfer through a 
number of joints have been found in the literature. Thus, 
for example, FURBY (1964) simply assumed a constant relative 
portion of stress wave energy to be lost in each joint. 
Some other reasons why the total kinetic energy of the 
hammer does not arrive at the bit as longitudinal stress 
wave energy are that (1) depending on hammer and rod geometry, 
the transfer of kinetic energy from hammer to rod may be in­
complete (FISCHER, 1960), (2) if impact is eccentric, a part 
of the kinetic energy of the hammer generates flexural waves 
in the drill rod and (3) the stress waves are attenuated be­
cause of internal as well as external friction. Flexural 
waves in drill rods were considered by SHIMIZU & TAKATA 
(1960) as well as ROBERTS, HAWKES & FURBY (1962). The latter 
investigators found that the amplitude of strain in the 
flexural wave can be as high as 7 0 per cent of the amplitude 
in the desired longitudinal wave. Internal attenuation was 
briefly discussed by FAIRHURST (1961a) who found that, typically, 
attenuation would cause an energy reduction of 2 per cent in 
10 ft. while TAKAOKA, HAYAMIZU & MISAWA (1958 in Japanese; 
see FAIRHURST 1961a) found a slightly higher value (3 per 
cent) when support losses were included. Thus, attenuation 
is a relatively unimportant source of energy loss in hammer 
drilling. On the other hand, since the time distance between 
two successive blows for normal percussive drills is normally 
as long as 20-30 ms, attenuation contributes to justify the 
usually made assumption, that no stress waves are present in 
the percussive system immediately before each impact. 
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Percussive drilling of rock is a complex process and the 
overall energy conversion involves many steps. Thus, the 
overall efficiency is determined by e.g. compressor efficien­
cy, rock drill efficiency and the efficiency of transfer of 
hammer impact energy into work in rock breaking. These 
different steps and the overall efficiency in gold mining 
were considered by COOK & HUSTRULID (1970) who found that the 
overall efficiency (defined as the ratio of the power used in 
rock breaking to the electrical power input to the compressor 
motor) is about 9 per cent when pneumatic rock drills are 
employed. They also found that the energy consumption of 
the compressors for the rock drills (6 kWh/tonne of rock 
broken) represents a significant fraction of the total amount 
of energy absorbed by all mining, hoisting and milling opera­
tions (35 kWh/tonne of rock broken). 
1.4. Acknowledgments 
Atlas Copco AB - for permission to publish this work. 
Professor Jan Hult, Chalmers University of Technology, 
Gothenburg - for guidance, encouragements and suggestions. 
Mr. Jan Holdo, Dr. Nils Starfelt, Atlas Copco AB and 
Mr. Lennart Ottosson, Atlas Copco MCT AB - for support of this 
work. 
Mr. Olaf Meyer, Atlas Copco AB - for support of this work, 
encouragements and suggestions. 
Dr. Bo Lemcke, Institut CERAC S.A. - for support of the 
final phase of this work. 
Professor Hans Christian Fischer, University of Uppsala 
- for a valuable discussion. 
Dr. Lars-Erik Andersson, University of Linköping - for 
advice and discussions regarding mathematical topics. 
Mr. Gunnar Thuresson, The Royal Institute of Technology, 
Stockhom (now Atlas Copco AB) - for collaboration regarding 
a part of the investigations in this thesis. 
Dr. Nick Hall-Taylor, Mr. Christopher Yates and Mrs. Susan 
Yates, Atlas Copco AB - for reading through the manuscript. 
Mr. Stig Johansson, Atlas Copco AB - for photographic 
work. 
Mrs. Radegundis Grach, Atlas Copco AB, and Mrs. Jacqueline 
Fosh, Institut CERAC S.A. - for drawing figures and typing 
respectively. 
Many friends and colleagues at Atlas Copco AB, Atlas 
Copco MCT AB and Institut CERAC S.A. - for support and inter­
est. 
To all these people, and also to my wife Marit, I wish to 
express my sincere gratitude and thanks. 
BIT PENETRATION 
Introduction 
A bit used in percussive rock destruction is usually 
equipped with one or several cutter elements. In order to 
obtain knowledge regarding the bit penetration process, it 
is therefore convenient to begin by studying the interaction 
between a single such cutter element and rock. Here the 
study will be restricted to wedge-shaped or cone-shaped 
indentors and to situations in which the rock behaves in a 
brittle manner. 
In order to get a qualitative background, consider an 
indentor which is acted upon by a force F and which has pene­
trated a distance 
into the rock material. is considered to be the penetra­
tion due to rock destruction, while x is the penetration 
caused by elastic deformation of the rock. 
If the indentor is sharp the destruction of rock occurs 
by crushing as well as chipping. This is illustrated in 
Fig. 2.1. If, on the other hand, the indentor is blunt, the 
chipping mode is not observed. This is illustrated in Fig. 





Fig. 2.1. Chipping and crushing when the indentor is 
sharp. Circles mark points of chip formation. 
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x 
Fig. 2.2. Crushing when the indentor is blunt. 
In general, in percussive rock destruction, the indentor 
penetrates into a rough and previously chipped surface, 
which complicates the penetration process to a large extent. 
The same qualitative behaviour, as has already been 
described, can be observed if the process of loading and 
unloading takes place over a period of seconds (sometimes 
referred to as static penetration) or tenths of milliseconds 
(sometimes referred to as dynamic penetration). The latter 
order of duration of the penetration process is normal in 
percussive rock destruction. 
Next, the analysis performed by PAUL & SIKARSKIE (1965) 
for a wedge-shaped indentor will be extended to a cone-
shaped indentor (LUNDBERG, 1967; LUNDBERG, LUNDQVIST & MEYER, 
1968). The results obtained will be compared with those 
obtained for a wedge by Paul & Sikarskie and with some ex­
perimental results. Also, with support of investigations 
made by HUSTRULID (1968) and others, the influence of pene­
tration velocity will be discussed. Finally, bit penetration 
models for subsequent use in this work will be established. 
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2.2. Cone-shaped Indentor 
2.2.1. Basic Assumptions 
The basic assumptions closely correspond to those made 
by Paul & Sikarskie. 
The indentor is assumed to be rigid and perfectly cone-
shaped with a cone-angle 20. The friction between indentor 
and rock is described by a constant angle of friction <J>f 
and the rock surface is assumed to be plane. The elastic 
component of penetration is neglected, which means that 
the penetration is due to destruction of rock only. Dynamic 
effects are also neglected. 
When the indentor is forced towards the rock surface, it 
is assumed that radial cracks are formed as a result of ten­
sile tangential stress and low tensile strength of the rock 
material. Chip failure then occurs on a conical surface of 
failure, which extends from the tip of the indentor to the 
free surface at angle of inclination (failure angle) . The 






Fig. 2.3. Idealized geometry of chip failure. 
Immediately before chip failure equilibrium prevails. 
Failure occurs when the stresses acting on the prescribed 
surface of failure satisfy everywhere the Coulomb-Mohr 
failure criterion, (COULOMB, 1776; MÖHR, 1900). This crite­
rion is illustrated in Fig. 2.4, where Tg is the shear 
stress and is the normal stress acting on the surface of 
failure. C is the cohesive strength, oc is the compressive 
strength and <j> is the internal angle of friction of the rock 
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material. The part of the envelope corresponding to tensile 
normal stress is dotted, since in the situation considered, 
the normal stress is assumed to be compressive. 
The Coulomb-Mohr failure criterion was discussed by PAUL 
(1961), who also suggested a modification. 
-a 
Fig. 2.4. Coulomb-Mohr failure criterion. 
2.2.2. Analysis 
2.2.2.1. Failure angle. - A chip is assumed to be formed when the force 
• 
acting on the indentor is F and the penetration of the inden-
tor into the rock material due to destruction of rock is x. 
d 
In Fig. 2.5 a sector of a chip is illustrated. Immedi­
ately before failure takes place the normal and shear stresses 
acting on the surface of failure are and respectively. 




Fig. 2.5. Stresses acting on the surface of failure. 
Failure occurs when the stresses Tn and T , for any 
possible surface of failure, satisfy everywhere the Coulomb-
Mohr failure criterion, which can be expressed as 
lTsl+TNtan4> = c (2.2) 
where the cohesive strength C is related to the compressive 
strength er ̂  and the internal angle of friction <p as 
C  = a c (  l-si n < f > ) / 2 c o s 4 >  ( 2 . 3 )  
The stresses and result in forces per unit central 
angle N and S respectively. If it is assumed that Tg>0, then 
by integration over the surface of failure, the failure 
criterion (2.2) can be transformed into a failure criterion 
in terms of the forces N and S, i.e. 
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T C (2.4) e 
where 
2 2 = 2sin (S+Ntan<}>) /x^cosiJj (2.5) 
T can be considered as an effective shear stress with the e 
property that failure occurs when it reaches the critical 
value C. 
It should be observed that in the transformed failure 
criterion the forces N and S, as well as the failure angle 
ip, are unknown quantities which remain to be determined. 
As it is evident from Fig. 2.6, however, equilibrium of 
forces can be expressed by one equation for the indentor and 
two equations for the chips. These equations involve the 
force per unit central angle Q, which acts between indentor 
and chips and which, as a result of friction, deviates by an 
angle ^ from the surface normals. 
Fig. 2.6. Forces per unit of central angle acting on 
indentor and chips. 
2 2  
If Q is eliminated from these three equations of equilibrium, 
• 
N and S can be expressed in terms of ip and F as 
N = -F sin ( 0+(})^+^)/2iTsin ( 9+4)^) (2.6) 
S = F cos (0 + <J>£+i|O/2TTsin ( 0 + <}>f ) (2.7) 
Since it has been assumed that T <0 and T >0, it is nec-
N~ S 
essary that N^O and S>0 respectively. Since 0<tt/2 and 
<pf<ir/2, these conditions are satisfied provided that 
Q+<p ç+\p<i\ / 2 ( 2 . 8 )  
Therefore, when ip has been determined, it must be verified 
that, in accordance with these assumptions, the inequality 
(2.8) is satisfied. 
When N and S, according to Eqs. (2.6) and (2.7), are sub­
stituted into Eq. (2.5) takes the form 
* 2 2 T
e = F sin i^cos ( 0+(})^+(J)+iJ;) /irx^cos4>sin ( 0+tJ)^) cosiJj (2.9) 
Now Eqs. (2.4) and (2.9) together constitute a criterion of 
• 
failure in which the force F at chip failure and the angle 
of failure ip are unknown quantities. However, ip can be de­
termined from the condition that failure occurs on the conical 
surface where the Coulomb-Mohr failure criterion is first 
satisfied when the load is increased from zero. This implies 
that ip assumes that value, which makes the effective shear 
stress according to Eq. (2.9) a maximum. Therefore, as a 
result, the failure angle ip is determined by the equation 
3 
-tan 4j-3tan^+2cot ( 0+<})^+(j) ) = 0 (2.10) 
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Since no chipping is possible unless ip>0, a ne cessary 
condition for chip formation can be derived from Eq. (2.10). 
The result is 
0 + ({) £ + (J) < TT / 2 (2.11) 
Thus a critical half cone-angle with respect to chip forma­
tion is 
0cr = (2.12) 
Subsequently it is assumed that 9<öcr and that chipping also 
occurs. 
From Eq. (2.10) it is also found that 
0+4> TT / 2 (2.13) 
Therefore, and since <t>>0, the inequality (2.8) is satisfied 
in agreement with the initial assumptions that ^N<0 and Tg>0. 






Fig. 2.7. Failure angle ip versus (0+<|> + <j>) for a c one. 
For a wedge-shaped indentor Paul & Sikarskie obtained 
the corresponding failure angle 
\p = TT/4-(e+cJ>f+<J>)/2 (2.14) 
where 0 now denotes the half wedge—angle. Further, with 
this notation, the same results as (2.11) and (2.12) were 
obtained also for a wedge. 
ip versus (6+cj>f+cf)) accor ding to Eq. (2.14) is illustrated 






Fig. 2.8. Failure angle ip versus (0+()>f+4>) for a wedge. 
2.2.2.2. Force-penetration. - Now, when the failure angle \p is deter­
mined, it is possible to determine also the relationship 
•Ar 
between the force F at chip failure and the penetration 
x = x^. Substitution of Eqs. (2.3) and (2.9) into the failure 
criterion (2.4) yields 




kc0/Gc = 71 (l~sin<j>) sin(0+4)^) cosij;/2sin \pcos ( 0+4> £+<f>+i|0 
(2.16) 
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In Fig. 2.9, a force-penetration characteristic accord­
ing to Eq. (2.15) is illustrated, while Fig. 2.10 illustrates 
the relationship between kco/ac and (0+<j) ) for different 
values of <J) according to Eqs. (2.10) and (2.16). 
x 
Fig. 2.9. Force-penetration characteristic for a cone. 
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Fig. 2.10. k  / o  versus (0  +  cJ ) £ )  for different values co' c f 
of (J) . 
For a wedge-shaped indentor with unit length, Paul & 
Sikarskie obtained the linear force-penetration envelope 
F* = k x, (2.1 
we d 
where 
kwe^°c = 2sin ( e + (t)f ) ( 1-sin(î) )/'f 1-sin ( 0 + <f>f+4) ) ̂ (2.18) 
In Fig. 2.11 a force-penetration characteristic according to 
Eq. (2.17) is illustrated, while Fig. 2.12 illustrates the 
relationship between ŵe/oc and O + t))^) for different values 





Fig. 2.11. Force-penetration characteristic for a wedge. 
Circles mark points of chip formation. 
we 
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Fia. 2.12. k /a versus (0+<t>J for different values of <J>. 
^ we c f 
Rock removal. - Immediately after the formation of a chip, 
the crater volume is 
V = TTx^cot2ip/3 (2.19) 
"te 
Further, since during crushing and chipping F<F , the work 
performed by the force F is certainly 
W*kcoXd/3 (2.20) 




Kcoac = 2cos^cos(8 + (f>f+<j>+iJj) / (l-sin<)>) sin(0+<})f) (2.22) 
Fig. 2.13 illustrates the relationship between k a and 
co c 
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Fig. 2.13. k o versus (0+4» _) for different values ^ co c Yf' 
of . 
Paul & Sikarskie made certain assumptions regarding the 
force-penetration relationship during the crushing phase 
for a wedge and, based on these assumptions, they determined 
the work W and the crater volume V. Without making detailed 
assumptions regarding the force-penetration relationship 
•k 
during the crushing phase (except that F<F ), it is, however, 
possible to obtain for a wedge the relation corresponding to 






K a = coti|J{ 1-sin ( 0+<J> +4) ) }/sin ( 0+<J> _) (l-sint))) (2.24) 
we c f f 
Fig. 2.14 illustrates the relationship between Kweac and 
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2.2.3. Experiment 
2.2.3.1. Equipment. - The apparatus used in the penetration tests is 










Fig. 2.15. Experimental apparatus. 
The use of two sets of strain gauges, two XELEX carrier 
frequency bridges and one xy-recorder made it possible to 
record the force versus penetration when a conical indentor 
was forced into rock material by means of a hydraulic press. 
The force-gauges were arranged in such a way that the 
signal was compensated for errors due to bending and changes 
in temperature. The carrier frequency was 25 kHz. 
With a slight modification of the arrangement shown in 
Fig. 2.15, it was also possible to perform simple compressive 
strength tests on cylinders of rock material. 
2.2.3.2. Procedure. - The measuring system was calibrated and, with 
the indentor and rock replaced by a special steel specimen, 
the rate of loading was adjusted to 1.6 kN/s. Then one coni­
cal indentor at a time was pressed into blocks of Swedish 
Bohus Granite having a plane upper surface and an approximate 
size of 0.25 mx0.25 mxO.lO m. Force versus penetration was re­
corded until a maximum value for the force of 4 0 kN was reached. 
For each cone-angle, 10-20 force-penetration curves were re­
corded (one for each crater). The craters were carefully 
33 
cleaned and filled with a synthetic clay, which was then re­
moved and weighed. From the mass and density of the clay, 
the volume of each individual crater was determined. Tests 
were performed for indentors with cone-angles 20 = 60°, 75°, 
90°, 110°, 125°, 135° and 150°. 
Compressive strength tests were performed on 16 cylindri­
cal specimens of the same rock material. The cylinder length 
was 4 4 mm and the diameter was 22 mm. 
2.2.3.3. Evaluation. - A number of representative force-penetration 
records are reproduced in Appendix A. Generally they are similar 
to the one illustrated in Fig. 2.16. 
(x .,F . ) 
mj m}' 
Fig. 2.16. Force-penetration record. Circles mark points 
of chip formation. 
The penetration x of the indentor into the rock material 
can be expressed as 
x -x „ = x,+x 
m mO de 
(2.25) 
where x_ is the measured position of the indentor and x^Q is 
m 
the value of x which corresponds to the first contact between 
m 
indentor and rock. 
3 4  
In order to compare the experimental results with the 
theoretical results, the component x^ of the penetration, 
which is due to destruction of rock, must be determined. 
To facilitate this determination it is assumed that the 
elastic component xg of the penetration can be expressed as 
x = F /k (2.26) 
e m e 
where F is the measured force and k is the slope of the 
m e 
unloading portion of the force-penetration curve (which is 
approximated by a straight line). 
Consider now one of the points of chip formation. Accord­
ing to Eqs. (2.25) and (2.26), the penetration component x^j 
can be expressed as 
xdj - xmj-WVxmO (2-27> 
where index j = 1, 2, ... refers to the jth point of chip 
formation for a single curve and F . is the measured force 
m j 
at that point. 
On the other hand, from the theoretical result, Eq. (2.15), 
the value of the force F at the jth point of chip formation 
is expected to be 
* 2 
F . = k x, . (2.28) 
3 co dj v ' 
where kcQ is a constant for given indentor and rock material. 
Therefore, a measure of the deviation of the theoretical 




where n is the number of points of chip formation for a single 
curve. According to Eqs. (2.27) - (2.29), this sum can be 
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expressed as 
E = Z {F*.-k (x .-F* ./k -x n)2}2 (2.30) 
1 mj co m] m 3 e mO 
and it is easily seen that the sum of squares for each 
single force-penetration curve is a function of the two un­
known quantities x A and k mO co 
To allow k to be determined, the coordinates (x .,F .) 
co mj m] 
of points of chip formation were measured from the force-
penetration records by means of a pencil follower and these 
coordinates were automatically punched on tape. Also, the 
slopes k̂  of the unloading portion of the records were deter­
mined. Then, by means of a computer program, the parameters 
x . and k were determined to make the sum a minimum for 
mO co 1 
each single curve. A direct determination of x^Q from the 
force-penetration records was considered to be too uncertain. 
The energy consumed in crushing and chipping was deter­
mined as the area under the force-penetration curve, i.e. 
W = [F dx (2.31) 
J m m 
The determination of W according to Eq. (2.31) was made by 
means of a pencil follower and a computer program. By means 
of the same computer program also the ratio 7/W between 
crater volume V and consumed energy W was computed. 
Finally, average values of kcQ and V/W were determined 
for each cone angle 20, 90 per cent confidence limits being 
determined using the assumption of a Students' distribution. 
Numerical and statistical analyses as well as development 
of computer programs were performed by QVARNSTROM & SUNDQVIST 
(1968). 
2.2.3.4. Results. - The average values of kcQ and V/W are given in 
Table 2.1. 90 per cent confidence limits are also given in 
the table. 
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Table 2.1. Experimental values of kcQ and 7/W for 
Swedish Bohus Granite. 90 per cent confidence limits. 
0 (°) kco (MN/m2) V/V (10~8m2/N) 
30.0 1100+300 1.38+0.33 
37.5 2300+400 1.01+0.26 
45.0 4900+800 0.83+0.21 
55.0 6300+2600 0.45+0.05 
62.5 21000+4000 0.43+0.08 
67.5 25000+18000 0.43+0.06 
75.0 (No chipping) 0.47+0.01 
The compressive strength of the rock material was deter­
mined to be 
a = (180+3)MN/m2 
cm -
(90 per cent confidence limits). 
2.2.3.5. Comparison of theory and experiment. - Now kcQ, according to 
Eqs. (2.16) and (2.10), and F/W, according to the inequality 
(2.21), Eqs. (2.22) and (2.10), can be compared with the 
corresponding quantities as determined from experiments. 
According to theory 
kco = acy<Mf'4>> (2.32) 
where the function y is defined by Eqs. (2.16) and (2.10). 
According to the experiments, on the other hand, 
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has been obtained for a number of discrete values 0, of 0 
(Table 2.1). 
Therefore, a measure of the deviation of the theoretical 
results from the experimental results can be chosen as the 
sum of squares 
<j>. Since no attempt was made to directly measure 4> or cf>, 
the following two procedures could be employed in order to 
fit the theoretical results to the experimental results and 
indirectly determine <j> and <J>. 
First, the experimentally determined value a is assigned 
to the compressive strength ain Eq. (2.34) and those values 
of the parameters 4>^ and <j> that make the sum a minimum are 
determined. Then it is judged if the values obtained for <j>^ 
and d> are reasonable and the theoretical functions k and T co 
kco are compared with the experimental values of kcQ and 7/W 
respectively for different values of 0. 
Secondly, a as well as and (J) are determined in such 
c r 
a way that they make the sum a minimum. Then is com­
pared with the measured value a and it is again judged if 
cm 
the values obtained for and (p are reasonable. Also, the 
theoretical functions k and k are compared with the ex-
co co 
perimental values of kcQ and V/W respectively for different 
values of 0. 
The values obtained for o^, (p ̂  and <j> according to the 
two procedures, are summarized in Table 2.2. 
2 (2.34) 
which is seen to be a function of the parameters o^, <j>^ and 
Table 2.2. Determination of o^, <j)^ and <J> according to 
the method of least squares. 
Method a (MN/m2) cp^. (°) <J> (°) 
c t 
1st 180 1 2 
2nd 113 6 0 
Fig. 2.17 shows theoretical (<j)^ = 6°, <J> = 0°, °c = 113 MN/m2) 
and experimental values of kcQ versus 0 according to the 
second method of comparison. Fig. 2.18 shows K according to 
theory and the experimental values of V/W versus 0 for the 












(J)f = 6° and ej) = 
2 kco versus 0 according to theory (a = 113 MN/m , 
„ o, , 0 ) and experiment. 




30 40 50 60 70 80 90 
2 Fig. 2.18. <co according to theory (a = 113 MN/m , 
tpf = 6° and <J) = 0°) and V/W according to experiment versus 0. 
According to Eq. (2.12) and the values obtained for cj>f 
and <J> in the second procedure above, the critical half cone 
angle with respect to chipping is 0 = 84°. Thus, for consis 
tency, chipping should not occur for 0>84 . 
In the experiments, chipping normally occurred for 0 = 
= 30°-67.5° whereas chipping normally did not occur for 0 = 75 
Also, it can be seen from Fig. 2.18 that the experimental 
values of V/W become essentially constant when 0 is larger 
than approximately 60°. This can be interpreted as a gradual 
transition to only crushing behaviour. 
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2.2.4. Discussion 
The results obtained here for a cone-shaped indentor are 
similar to those obtained by PAUL & SIKARSKIE (1965) for a 
wedge-shaped indentor. Considering the many common basic 
assumptions made, however, this agreement was to be expected. 
Figs. 2.7 and 2.8 illustrate that the angle of failure rp 
depends on (0+<}>£+<}>) in a similar way for the cone and for the 
wedge. However, the angle of failure is generally smaller 
for the wedge than for the cone. Also, the critical half 
cone-angle and the critical half wedge-angle with respect to 
chip formation are the same. 
A significant difference between the cone and the wedge 
can be observed in the force-penetration relationships. Thus 
the force at chip formation for a cone is proportional to the 
square of penetration, whereas the force at chip formation 
for a wedge is proportional to penetration. However, it can 
be seen from Figs. 2.10 and 2.12 that the constants of propor­
tionality k and k depend on a , 0, <(> _ and <J> in similar 
co we ^ c f 
ways. 
Figs. 2.13 and 2.14 illustrate that rock removal behaviour 
is very much the same for the cone and the wedge. 
According to Table 2.2 and Fig. 2.17, the best agreement 
(in the sense defined here) between theoretical and experimen­
tal results for cone penetration into Bohus Granite is ob-
tained when = 113 MN/m , <f> ^ = 6° and <f> = 0 °. The experi­
mentally determined value of the compressive strength is 
2 
ocm = 118 MN/m , while no attempt was made to determine 
directly the angle of friction <|> and the angle of internal 
friction <j). However, the value <J> = 0 is certainly too low. 
Also, the value = 6° is probably too low. 
To summarize, the best agreement between theoretically 
determined and experimentally observed force-penetration en­
velopes for cones is obtained when lower values than the real 
values are given to the parameters oc, cj>and 4>. Since, 
according to Eqs. (2.16) and (2.10), the force-penetration 
constant kcQ is an increasing function of these parameters, 
it is obvious that for real values of the parameters a , (p^ 
and 4>, the the ory gives an overestimation of the force F* at 
chip formation. 
Corresponding observations were made for a wedge by Paul 
& Sikarskie. With the assumption that 4»^ = 0°, they obtained 
the best agreement between theoretically determined and ex­
perimentally observed force-penetration relations for wedges 
for very low values of (J) (0°-10°) and a lower value of a 
c 
than was experimentally observed. 
Paul & Sikarskie argue that there are two main reasons 
for the fact that the predicted values of the force-penetra­
tion constants are too high. First, the assumption that the 
Coulomb-Mohr failure criterion is simultaneously satisfied 
over the whole surface of failure contributes to the over-
estimation. Actually, the surface of failure is instead 
formed by cracks which are growing in size and therefore the 
required force is less. Secondly, the experimentally obtained 
value of the compressive strength omay be too high because 
of lateral constraints at the ends of the test specimen. 
Since kcQ as well as k^ is proportional to a , corresponding 
errors result in the force-penetration constants. 
Fig. 2.18 shows that for = 113 MN/m2, (p = 6° and <f> = 0 
the theoretically determined relationship between and 
0 is consistent with the inequality (2.21) and the experimen­
tally obtained relationship between V/W and 0. 
Independently of the author, MILLER & SIKARSKIE (1968) 
extended the analysis by PAUL & SIKARSKIE (1965) to cone-
shaped and also pyramid-shaped indentors. The first part of 
their analysis for cones is essentially identical with the 
analysis presented by the author previously (LUNDBERG, 1967; 
LUNDBERG, LUNDQVIST & MEYER, 1968) and in the present work. 
Thus, for example, for <j)^ = 0° they obtained the same relation 
ship between the angle of failure ip and (0+cj)) as ha s been 
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obtained here between ip and (0+c|) +<j)). Also, they obtained 
•*- * 
the same quadratic relationship between the force F at chip 
formation and penetration x^. Instead of determining a lower 
bound i<co for the ratio of crater volume V an d energy W, 
however, they made certain assumptions regarding the force-
penetration relationship during the crushing phase and, based 
on these assumptions, they determined the work W and the 
crater volume V. They assumed a linear or a piece-wise linear 
force-penetration relationship during crushing and the ratio 
V/Vl became a function of penetration. 
Another consequence of Miller & Sikarskie's assumptions 
regarding the crushing process is that when penetration ex­
ceeds a critical value chip formation is no longer possible. 
The reason is that the assumed crushing curve F(x) does not 
* 
intersect the chip formation envelope F (x), which rises 
steeper. Thus, even if the half cone-angle 0 is less than 
the critical value 6cr/ chip formation may be impossible. 
This underlines that the inequality (2.11) is not a sufficient 
condition for chip failure and may be part of the explanation 
of the fact that, in the experimental results presented above, 
chip formation did not occur for 0 greater than 60°-75°, 
whereas from theoretical and experimental results 0 = 84°. 
Another part of the explanation is, of course, that 0 = 84° 
is a high value caused by the low values of <j>^ and <J>. 
Miller & Sikarskie's experimental results did not prove 
or disprove conclusively the existence of a quadratic chip­
ping envelope. The extent of the present experimental in­
vestigation has also been too small to make definite conclu­
sions possible. However, the good qualitative agreement 
obtained here between thoery and experiment indicates that 
the quadratic chipping envelope is an essentially correct 
result. Attempts by Miller & Sikarskie to establish a 
relationship between specific energy (W/y) and penetration 
were rejected because of the large scatter exhibited by the 
data. 
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2.3. Dynamic Versus Static Loading 
The conceptions "dynamic loading" and "static loading" 
are not unique and can be given different meanings. Here, 
dynamic loading of rock shall simply denote the type of 
loading that occurs in percussive rock destruction devices 
such as, for example, drop-hammers. The rate of loading may 
be typically of the order of, say 10^ kN/s. Static loading 
of rock shall simply denote the type of loading that occurs 
in slow devices such as, for example, hydraulic presses. 
The rate of loading may typically be of the order of, say, 
1 kN/s or less. 
The question now arises as to whether the results obtained 
in Section 2.2 are applicable to percussive rock destruction 
even though no dynamic effects were taken into consideration. 
An indication may be obtained by studying whether there are 
significant differences between dynamic and static indenta­
tion experiments or not. 
In Table 2.3, some results from different dynamic and 
static force-penetration experiments, which were collected by 
HUSTRULID (1968) , are reproduced. In the table, k is the 
force per unit penetration for a wedge of unit length and 0 
is the half wedge-angle. The references given by Hustrulid 
are repeated in the table. 
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Table 2.3. Comparison of static and dynamic force-pene­
tration constants using a sharp wedge bit (1 inch in length) 
in Indiana Limestone. 
„ , Force-penetration _ , _ Wedge _ c ^ . Peak Force 
^ Constant Investigator 
g k (MN/m ) (kN) 
26 (°) 
Static Dynamic 
75 300 - 9 GNIRK (1962) 
75 430 - 13 HUSTRULID (1968) 
75 - 460 45 STEPHENSON (1963 
90 370 - 16 GNIRK 
90 610 - 28 HUSTRULID 
90 680 - 89 HAIMSON (196 5) 
90 - 690 58 STEPHENSON 
105 530 - 16 GNIRK 
105 870 - 27 HUSTRULID 
105 - 1170 76 STEPHENSON 
120 870 - 27 GNIRK 
120 1060* - 27 HUSTRULID 
120 1090** - 42 HUSTRULID 
120 - 2070 107 STEPHENSON 
Indentation parallel to bedding. 
Indentation perpendicular to bedding. 
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As can be seen in Table 2.3, the results have been ob­
tained by different investigators under different conditions 
(e.g. different peak forces). Therefore it is not surpris­
ing that there is a certain scatter even in static values 
obtained for the force-penetration constant k for the same half 
wedge-angle 9. Also, differences in dynamic and static values 
of k may, of course, be much influenced by these different 
conditions (it should be noticed that the dynamic peak forces 
have been considerably higher than the static peak forces 
when 20 = 75°, 105° and 120°). Therefore, the conclusions 
drawn from the results in Table 2.3 cannot be very extensive. 
However, as was noticed by Hustrulid, the results in 
Table 2.3 do not indicate any large differences between dyna­
mic and static values of k for the smaller wedge-angles, 
20 = 75° and 90°, whereas for the wedge-angle 20 = 120° the 
dynamic force-penetration constant appears to be larger than 
the static one by a factor of two. 
HUSTRULID (1968) performed force-penetration tests with 
winged bits on rough surfaces for different indexing angles 
and different types of rock. From these experiments he found 
that the average dynamic force-penetration constant is only 
slightly higher than the average static value. He concluded 
that the effect of rate of loading is reduced when the rock 
surface is rough. 
STEPHENSON (196 3) found for Indiana Limestone that the 
change of slope of the force-penetration curve is a very 
"slow" function of velocity. Thus, he found that when the 
penetration velocity is increased by five or six orders of 
magnitude, as from static to dynamic tests, the slope is in­
creased by a factor of approximately two. For penetration 
velocities in the interval 0.4 m/s - 6.4 m/s, however, he 
found no influence of changes in penetration velocity. For 
a limited number of tests on three other rock types he did 
not find any significant difference even between static and 
dynamic tests. 
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As regards the ratio of crater volume and energy V/W for 
indentations on rough surfaces of Pink Tennessee Marble, White 
Tennessee Marble and Charcoal Granite, Hustrulid obtained 
higher values for the static tests than for the dynamic tests. 
Thus, in static tests, he generally obtained values of V/VI  
higher than the inverse of the compressive strength l/ac of 
the rock material, while in dynamic tests he generally ob­
tained values of V/VI lower than 1/a^. The difference appears 
to be a factor of approximately two. This result is supported 
by results obtained by HAIMSON & FAIRHURST (1971) for Pink 
Tennessee Marble but is in direct contrast with results ob­
tained by STEPHENSON (1963) for Indiana Limestone. 
To summarize, the results obtained by several investiga­
tors indicate that certain differences may exist between 
static and dynamic penetration of an indentor into rock 
material. Thus, there are indications that the force-penetra­
tion constant k is higher and that the ratio V/VI may be higher 
or lower in the dynamic tests than in the static tests. The 
differences may be a factor of two, but sometimes less. There­
fore, to a certain extent but rather in a qualitative than 
quantitative sense, the results obtained in Section 2.2 should 
be applicable to situations in percussive rock destruction, 
even though dynamic effects were neglected in the analysis. 
2.4. Bit Penetration Models 
In Chapters 3 and 4, different methods of percussive rock 
destruction will be studied. A main interest in this study 
will be the transfer of impact energy (or stress wave energy) 
W. to work W in rock destruction. In order to determine 
i 
W/W^, however, the force-penetration relationship, say 
F(x,dx/dt), must be known. The ratio of crater volume V to 
impact energy (or stress wave energy) W_^ can then be deter­
mined as V/VI. = (V/Vl) (W/W ) if the ratio V/VI is known. Thus, 
ideally, the force-penetration relationship F(x,dx/dt) and 
the ratio V/VI should be known for the actual bit-rock combi-
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nation (bit composed of several cutter elements, rough and 
previously damaged surface of rock etc.) under the actual 
conditions (water in the drill hole etc.). 
In Section 2.2, some theoretical results were given re­
garding the penetration of a single cone or wedge into a piece 
of rock with a plane surface (upper bound of F and lower 
bound of V/VI). Dynamic effects were neglected in the analysis 
but it was concluded in Section 2.3 that F as well as V/VI 
seem to be somewhat different under static and dynamic condi­
tions . 
Obviously, the theoretical results in Section 2.2 will not 
be sufficient for the analyses in Chapters 3 and 4. It is not 
believed either that such sufficient theoretical results exist 
anywhere else. Therefore, the best thing to do is to idealize 
results which are obtained from measurements under conditions 
which are as much as possible realistic. Such measurements 
have been performed e.g. by HUSTRULID (1968) . 
Sometimes, at least for single impact devices, the detail­
ed force-penetration relationship F(x,dx/dt) and a particular 
value of V/VI may be of interest. More often, however, rather 
a time average behaviour is of interest. In such cases it 
seems natural to represent F(x,dx/dt) with a simple function 
and V/VI with a constant value. 
Below, three different force-penetration relationships 
are given. With reference to the results obtained by STEPHEN­
SON (1963), it is assumed that the force F is independent of 
the absolute value |dx/dt| of the penetration velocity. The 
force-penetration relationships are assumed to correspond 
either to a particular impact or to time average behaviour. 
V/VI is assumed to be measured or else estimated as the inverse 
of the compressive strength I/o. 
The simplest force-penetration relationship that will be 
employed is shown in Fig. 2.19. Similar relationships were 










Fig. 2.19. Force-penetration curve with a linear loading 
section. 
When dx/dt>0 (0<t<t ) the force is proportional to pene­
tration , i.e. 
F = kx (2.35) 
When dx/dt<0 (t>tM) the force is proportional to the change 
in penetration, i.e. 
F = F__+k (x-x..) (2.36) 
Me M 
where x^ is the maximum penetration and 
= kxM (2'37) 
M M 
is the corresponding maximum force. 
Eq. (2.35) describes the loading phase and Eq. (2.36) 
describes the unloading phase. k and kg represent properties 
50 
of the bj.t-rock combination. Thus 
Y = k/k 
e (2.38) 
is a measure of the degree of elastic deformation of the rock 
for the given bit (y = 0 corresponds to completely inelastic 
behaviour and y = 1 to completely elastic behaviour). xM and 
depend on the load. 
The work W performed by the bit is equal to the area 
bounded by the loading curve, the unloading curve and the 
x-axis. Thus, 
A simple representation of a force-penetration relation­
ship with a non-linear loading section is illustrated in 
Fig. 2.20. This relationship was also employed e.g. by BERRY 
(1959) . 
W = (l- y)F^/2k (2.39) 
or 





x, x 'M 
Fig. 2.20. Force-penetration curve with a parabolic 
loading section. 
When dx/dt>0 (0<t<tM) the force is proportional to the 
square of penetration, i.e. 
F = Kx2 (2.41) 
When dx/dt<0 the contact between bit and rock is interrupted 
(F = 0), i.e. the behaviour of the rock is completely inelas­
tic . 
The work W performed by the bit is equal to 
W = F^/2/3K1/2 (2.42) 
M 
where F is again the maximum force. 
M 
A detailed representation of a particular (measured) 
force-penetration relation by means of piece-wise linear seg­
ments is illustrated in Fig. 2.21. This relationship was 
employed by THURESSON (1971a, b) in collaboration with the 
author. A similar relationship was also employed earlier 






Fig. 2.21. Force-penetration curve with a piece-wise 
linear loading section. 
The force-penetration relation illustrated in Fig. 2.21 
is a generalization of the one illustrated in Fig. 2.19. 
Thus, the fundamental assumptions are the same, but the load­
ing section is piece-wise linear and determined by the coordi­
nates (Xj, F_. ) (j = 1, 2, ...) of the breaking points. 
When dx/dt>0 (0<t<tM) the force F is given by 
F(x) = Fj^+kj (X-Xj_1) (j = 1, 2, ...) (2.43) 
if x belongs to the interval 
Xj-l~X<Xj = 1' 2' * * *) (2.44) 
53 
When dx/dt<0 (t>tM), Eq. (2.36) is valid. 
The work W performed by the bit is again equal to the 
area bounded by the loading curve, the unloading curve and 
the x-axis. 
In general, the loads considered will be of such a nature 
that there is only one loading-unloading cycle. In Section 
4.2, however, repeated loading will be considered. In such 
a case the reloading starts along the unloading curve and 
continues until x = xw and F = F„. Then the loading continues M M 
the same way as during the first loading until the penetra­
tion velocity dx/dt again becomes negative etc. 
BASIC METHODS IN 
PERCUSSIVE ROCK DESTRUCTION 
Introduction 
As was stated in Section 1.2, percussive rock destruction 
is often based upon one of the three basic methods illustrated 
in Fig. 1.1. It is convenient to name them the churn dril­
ling method, the down-the-hole drilling method and the hammer 
drilling method respectively. 
Even if many publications have dealt with problems con­
nected with these three methods (Section 1.3), they do not 
appear to have been previously compared much with each other 
from an efficiency point of view. One reason for this may be 
that in many practical situations the geometrical proportions 
differ markedly between the methods. Thus, in down-the-hole 
drilling, the lengths of the bit and the hammer are usually 
approximately equal, whereas in hammer drilling, the bit is 
normally much shorter than the hammer. 
It has not been found that the influence of bit mass in 
hammer drilling has been given much attention previously. 
Normally, it has been assumed that the bit is massless (e.g. 
FAIRHURST, 1961c; SIMON, 1964; HUSTRULID, 1968). One reason 
for this assumption is that in some situations of practical 
importance (integral steel drilling) zero bit mass is a 
good approximation. SIMON (1964) verified this by comparing 
the stress wave reflected from the bit with the stress wave 
incident towards the bit when the bit was free. Another 
reason is that the analysis becomes much simplified if bit 
mass is neglected. 
In the following sections, the three methods of percussive 
rock destruction will be analysed and compared. As it is 
shown in Fig. 3.1, similar idealized conditions are assumed 




















Fig. 3.1. Basic methods of percussive rock destruction. 
The hammers and the drill rod are all assumed to be cylin­
drical and to have equal cross sectional areas Au = A = A, 
rl K 
equal Young's moduli E = E = E, and equal densities 
H R 
PH = pR = p. The length of the hammers is and the length 
of the rod is L >>L . 
R H 
The motions of the hammers and the rod are assumed to be 
governed by the elementary one-dimensional wave equation 
(Appendix B). This implies that the stress wave propagation 
in hammers and rod is non-dispersive and that the propagation 
velocity is equal to the sonic velocity 
c = (E/ p ) 1 / 2  (3.1) 
The same assumption has normally been made also by other 
investigators. 
The bit is assumed to be rigid with a mass M^. There­
fore, its motion is governed by rigid body mechanics and the 
state of stress in its different parts is not considered. 
The complexity of this state of stress is illustrated by the 
photoelastic investigations performed by BABENKOV, IVANOV & 
HESIN (1965). 
The interaction between bit and rock is characterized by 
a force-penetration relationship with linear loading and un­
loading sections according to Eqs. (2.35) and (2.36) respec­
tively. 
In order to justify the rigid bit model, two assumptions 
have been made. First, the propagation time for a stress wave 
through the bit must be much less than the propagation time 
for a stress wave through the hammer. If the propagation 
velocity is the same in hammer and bit this implies that 
VV*1 (3-2> 
where Lß is the bit length. Secondly, when the bit penetrates 
into the rock, the elastic decrease in bit length must be 
much less than the penetration under the actual impact loading 
conditions. Under static loading conditions this condition 
can be easily formulated in mathematical terms. Then the de­
crease in bit length is L^F/AgE^, where F is the static force, 
Ag is the cross sectional area of the bit and Eß is Young's 
modulus of the bit, while the bit penetration into the rock 
is F/k. Therefore, the condition becomes 
kLB/AßEB<<l (3.3) 
under static loading conditions. In Section 3.2.3.2 it will 
be shown that the same condition is obtained also under cer­
tain impact loading conditions. 
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The condition (3.2) is usually satisfied in normal hammer 
drilling but not in normal down-the-hole drilling. However, 
this condition may be satisfied in drop-hammer devices, which 
are based on the down-the-hole drilling method. 
The condition (3.3) can be tested by considering the fol­
lowing situation: 
Ad = 1.0 10~2 m2  B 
Ed = 2.0 1011 N/m2 
D 
L = 0.10 m 
B 
0.10 m 120° wedge in contact with rock 
Table 2.3: HUSTRULID (1968) 
In this case, kL /A E = 0.005 and the condition (3.3) is 
O D D 
satisfied. 
Before impact the systems are free from stresses. This 
assumption is generally valid for single impact or low fre­
quency impact devices. It is also often a good approxima­
tion in real rock drills, since the time between two succes­
sive blows is normally as long as 20-30 ms and there are in­
ternal as well as external sources of damping. 
Before impact the systems are also at rest with the ex­
ceptions of the impacting elements which have the impact 
velocity V. The bits, in the cases of down-the-hole drilling 
and hammer drilling, are assumed to be initially in force­
less contact with the rock. These assumptions are closely 
connected with the feeding systems (HUSTRULID, 1968) and are 
only to a certain extent fulfilled in actual down-the-hole or 
hammer rock drills. In different kinds of single impact 
devices, such as for example drop-hammers, they may be to a 
high degree fulfilled. 
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Effects of gravity are neglected since the forces due to 
gravity are very small compared to the impulsive forces 
caused by impact. It is also assumed that no flexural waves 
are generated. 
In the cases of churn drilling and down-the-hole drilling, 
impact is assumed to occur at time t = 0, while in the case 
of hammer drilling, impact is assumed to occur at time 
t = -LR/c• Therefore, the bit penetration into rock always 
starts when t = 0 in agreement with Fig. 2.19. 
In the following sections the mechanical behaviour of the 
three systems will be studied. 
The maximum forces F^ acting between bit and rock will 
be determined. F^ will be represented in non-dimensional 
form as 
"M M O 
where 
fm - FM/FH (3.4) 
Fq = AEV/2c (3.5) 
Fq is equal to the force acting at impact between two equal 
cylindrical rods, each with cross sectional area A, Young's 
modulus E and sonic velocity c, when the relative impact 
velocity is V (Appendix B.5). 
The maximum forces are of importance in connection with 
the rock destruction process as well as with the bit life. 
Also, the efficiencies n will be determined as 
n = W/W (3.6) 
where W is the work performed by the bit on the rock and W 
i 
is the impact energy. 
The efficiencies are significant in optimization of rock 
drill performance as well as in the interpretation of different 
types of drop-hammer experiments (HUSTRULID, 1968) . 
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The results obtained for the three methods will be com­
pared with each other. Some results obtained from the theore­
tical analysis will also be compared with experimental results 
3.2. Churn Drilling Method 
3.2.1. Penetration of the bit 
3.2.1.1. Finite mass bit. - Consider first the situation when the mass 




Fig. 3.2. Hammer and bit motion in churn drilling. 
When at time t = 0 the bit impacts the rock, a compressive 
stress wave o is generated at the hammer—bit interface, where 
it is denoted by a(t) (Appendix B). This stress wave propa­
gates towards the free end of the hammer, where it is reflec­
ted as a tensile wave -a. The front of this tensile wave 
arrives at the bit at time 
(3.7) 
where for the resulting stress therefore becomes 
a(t)-a(t-t ). Under the combined action of the stress waves 
the bit is accelerated towards the rock, and work W is per­
formed. 
The equation of motion of the bit is 
M d2x(t)/dt2 = P(t)-F(t) (3.8) 
B 
where, as illustrated in Fig. 3.2, x is the bit penetration 
into the rock, P is the force acting between hammer and bit 




the force P can be expressed as 
P(t) = -Ao(t) (3.10) 
while the penetration velocity is (Appendix B) 
dx(t)/dt = V+(c/E)a(t) (3.11) 
Further, as long as the penetration velocity is non-negative 
i.e. 
dx(t)/dt>0 (3.12) 
the force F and the penetration x are related according to 
Eq. (2.35), i.e. 
F ( t) = kx (t) (2.35) 
Elimination of P, F and a in Eqs. (3.8), (3.10), (3.11) 
and (2.35) yields the differential equation 
(M /k)d2x(t)/dt2+(AE/kc)dx(t)/dt+x(t) = (AE/kc)V (3.13) 
B 
The initial conditions are 
x(0) = 0 (3.14) 
and 
dx(0)/dt = V (3.15) 
In Eqs. (3.13)- (3.15) it is convenient to introduce the 
non-dimensional time 
T = t/tQ (3.16) 
where 
tQ = AE/kc (3.17) 
Further, it is convenient to introduce the non-dimensional 
penetration 
Ç = x/xQ (3.18) 
where 
x0 = t0V (3.19) 
or according to Eq. (3.17), 
xQ = AEV/kc (3.20) 
If, finally, the non-dimensional bit mass 
a = 4kc2M /A2E2 (3.21) 
JD 
62 
is introduced, Eqs. ( 3 .13)- ( 3.15) can be transformed into 
(a/4)d2Ux)/dT2+dÇ (T)/dr + Ç(T) = 1 (3.22) 
Ç(0) = 0 (3.23) 
and 
dÇ(0)/dx = 1 (3.24) 
respectively. The solution of Eqs. (3.22)-(3.24) is valid 
in the interval 
0 < T < ß (3.25) 
where 
as long as 





Eqs. (3.10) and (3.11) are replaced by 
P(t) = -A{ a(t) - a (t-t )} (3.29) 
and 
dx(t)/dt = V+(c/E)a(t)+(c/E)a(t-t ) (3.30) 
P 
respectively (Appendix B). If again the penetration velocity 
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is non-negative according to the inequality (3.12), then F 
and x are related according to Eq. (2.35). 
Eqs. (2.35), (3.8), (3.11), (3.22), (3.29) and (3.30) and 
reintroduction of non-dimensional variables yield the differen­
tial equation 
(a/4)d2Ç(T)/di2+dÇ(T)/dT+Ç(x) = 
= -(a/4)d2Ç(T-ß)/dx2+dÇ(T-ß)/dx-Ç(T-ß) (3.31) 
Since Ç(T) and dÇCO/dx must be continuous functions 
£(nß) = lim £(t) (n = 1, 2, ...) (3.32) 
T-*nß-
and 
dC(nß)/dx = lim dÇCO/dx (n = 1/ 2, ...) (3.33) 
x-mß-
respectively. The solution of Eqs. ( 3.31)-(3.33) is valid 
in the interval 
T > ß (3.34) 
as long as the inequality (3.27) is satisfied. 
The non-dimensional time 
T = t /t (3.35) 
M M 0 
which makes the non-dimensional penetration Ç equal to its 
maximum value £(TM) or 
(3.36) 
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can readily be obtained from the solution Ç(T) of Eqs. (3.22)-
(3.24) and Eqs. (3.31)-(3.33) for n = 1, 2, ... . Then, 
according to the inequality (3.27), the solution £(t) is 
valid in the interval 
0<t<Tm (3.37) 
Naturally, the solution can be extended to t>tm by employ­
ing the unloading section according to Eq. (2.36) of the 
force-penetration relationship. However, this will not be 
done here, since to determine the maximum force acting on the 
rock and the efficiency it is sufficient to know = Ç(x ). 
The details of the determination of £(t) from Eqs. (3.22)-
(3.24) and Eqs. (3.31)-(3.33) are given in Appendix C. 
3.2.1.2. Zero mass bit. - According to Eq. (3.21) a bit of zero mass 
corresponds to a = 0. Then Eqs. (3.22) and (3.23) yield 
d£ (x)/dx + Ç(x) = 1 (3.38) 
and 
Ç(0) = 0 (3.23) 
respectively. The solution of Eqs. (3.38) and (3.23) is valid 
when 0<x<ß and 0<t<t, . 
M 
Further, Eqs. (3.31) and (3.32) yield 
dÇ(T)/dx+Ç(x) = dÇ(T-e)/dT-Ç(x-8) (3.39) 
and 




respectively. The solution of Eqs. (3.39) and (3.32) is 
valid when x>ß and 0<x<x^. 
The solution £(x) of Eqs. (3.38), (3.23), (3.39) and 
(3.32) taken together is valid in the interval 
0<t<T (3.37) 
- M 
The condition (3.23) is now equivalent to the condition 
(3.24), whereas the condition (3.33) has been omitted, since 
when a = 0, d£(x)/dx need no longer be a continuous function. 
Eqs. (3.38) and (3.23) yield 
Ç = l-e~T (3.40) 
Since from Eq. (3.40) it is apparent that d^(x)/dx>0 when 
0<x<ß, it is seen that x >$. Thus, the solution ÇCO can be 
- M 
extended to x>ß. 
Eqs. (3.39) and (3.40) yield 
dÇ/dx+Ç = 2e"(T"ß)-l (3.41) 
while Eqs. (3.32) and (3.40) yield 
£(ß) = l-e"ß (3.42) 
The solution Ç(x) of Eqs. (3.41) and (3.42) is valid when 
ß<x<2ß and 0<x<x,„. It takes the form 
M 
Ç = 2(x-ß)e~(T"3)+(2-e"ß)e"(T_ß)-l (3.43) 
Eq. (3.43) yields 
dÇ/dx = e"(T_ß){e~ß-2(x-ß)} (3.44) 
Thus, it is seen that dÇ(x)/dx>0 when 
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ß<x<ß+(1/2)e (3.45) 
whereas dÇ(x)/dx = 0 when 
T = ß+ ( 1/2)E (3.46) 
Therefore, 




(1/2)e p<| (3.49) 
i.e. 
i>0.3517 (3.50) 
Finally, from Eqs. (3.43) and (3.47) the maximum non-




provided that the inequality (3.50) is satisfied. 
By employing Eqs. (3.39) and (3.32) for n = 2, 3, . .., 
can also be determined when ß<0.3517. However, as will be 
seen subsequently, this extension would be of only little 
interest. 
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Bit force and efficiency 
The maximum force F^ acting on rock is given by Eq. (2.37) 
while a non-dimensional maximum force f is defined by Eq. (3.4) 
M 
According to Eqs. (3.5), (3.36) and (3.20), the latter can 
be expressed in terms of the non-dimensional maximum penetra­
tion £ (a,ß) as 
M 
fM = 2Va'ß) (3*52) 
Further, the efficiency n of energy transfer to rock is de­
fined in Eq. (3.6) as 
n = W/Wi (3.6) 
Here the work W performed on the rock is given by Eq. (2.40) 
whilst the impact energy is 
W± = (1/2) (M^M^V2 (3.53) 
where 
Mr = pALH (3.54) 
is the mass of the hammer. By combining Eqs. (2.40), (3.1), 
(3.6), (3.7), (3.17), (3.20), (3.21), (3.26), (3.36), (3.53) 
and (3.54), the efficiency can be expressed in terms of the 
non-dimensional quantities £ , a, 3 and y as 
n = 4(l-y)Ç2(a,3)/(a+23) (3.55) 
According to Eqs. (3.52) and (3.55), the efficiency can also 
be expressed as 
n = (1-y)f2(a,3)/(a+23) (3.56) 
In the case a = 0 and ß>0.3517, £^(0,6) takes the simple 
form given by Eq. (3.51). Therefore, in this case 




n = 2(l-y)(2e"(1/2)e -l)2/ß (3.58) 
In Appendix C Ç(X) is determined in the interval 0<T<2B 
from Eqs. (3.22)-(3.24) and ( 3.31)-(3.33). The solution is 
valid (corresponds to the penetration) as long as 0<T<Tm or 
0<£<£m. Therefore, when a>0 and 
0<T..<2ß (3.59) 
M 
can be obtained from the solution Ç(x) as a function of a 
and ß. This has been achieved by numerical methods. Numeri­
cal results for f^ according to Eqs. (3.52) and (3.57) and 
for n according to Eqs. (3.55) and (3.58) are plotted in Figs, 
3.3 and 3.4 respectively. 
In the previous analysis it is natural to interprete ß as 
a non-dimensional representation of t^. According to Eqs. 
(3.7), (3.17) and (3.26), however, ß can be expressed as 
= 2kL„/AE (3.60) 
rt 
Therefore, particularly in the results of the analysis, it is 










Fiq. 3.3. f versus ß for different values of a. 
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Fig. 3.4. ri/(1-y) versus ß for different values of a. 
n = W/Wa = 4kc2M /A2E2, ß = 2kL /AE, y = k/k . Churn 




3.2.3.1. General. - The non-dimensional maximum force fM = F^/FQ, 
where F = AEV/2c, has been determined as a function of the 
2 2 2 . parameters a = 4kc M /A E and ß = 2kL /AE. The relationship 
B ri 
f»* = is illustrated in Fig. 3.3. 
MM 
For high values of ß, f^ approaches a constant value, 
which is equal to 2 when a = 0. When a>0, the value of f 
for high values of ß increases with a. 
In physical terms this means that, for sufficiently long 
hammers, the maximum force F^ is at least 2FQ = AEV/c, which 
is the force obtained if the hammer without bit impacts a 
rigid wall longitudinally with the impact velocity V. 
The efficiency n = W/W^ has also been obtained as a 
function of a, ß and y = k/k . The relationship n/(l~Y) 
versus a and ß is illustrated in Fig. 3.4. 
For a given value of a, n/(l-y) is a decreasing function 
of 3. n/(1-Y) approaches 1 for low values of ß, and 0 for 
high values of ß. 
In physical terms this means that the highest efficiencies 
are obtained with short and stiff hammers in soft rock. This 
is natural, since in these situations, only little elastic 
and kinetic energy remain in the hammer at the end of the 
penetration process. Therefore, the transfer of the hammer 
impact energy to the rock must be almost complete and a high 
efficiency results. 
In order to investigate when a hammer in a drop-tester 
acts as a rigid body, which is often assumed, and when it 
does not, HUSTRULID (1968) numerically studied a system 
similar to the one studied here. Since the rigid body de­
scription of the hammer can be a good approximation only when 
the efficiency of energy transfer to the rock is near 100 per 
cent (y assumed to be zero), Hustrulid observed that one must be 
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extremely careful in applying this description, in particular 
when the rock is hard. From Fig. 3.4, it can be seen that 
similar conclusions result from the present analysis. See 
also Section 3.2.3.2, where a related problem, that of the 
rigid bit, is discussed. 
3.2.3.2. The rigid bit assumption. - In order to justify the assump­
tion that the bit behaves as a rigid body, the following two 
conditions were imposed in Section 3.1: 
The meaning of the condition (3.2) is that the time re­
quired for a stress wave to travel through the bit is much 
less than the time taken by the wave to travel through the 
hammer. 
The meaning of the condition (3.3) is that the elastic 
decrease in bit length when the bit penetrates into the rock 
is much less than the penetration. 
The latter condition was formulated under static loading 
conditions. However, it is now possible to formulate a 
corresponding condition under impact loading conditions in a 
special situation. In order to do this, consider the situa­
tion when, in churn drilling, the bit is elastic with Young's 
modulus E , cross sectional area A and length LD, whereas •£> J3 i3 
the length of the hammer is zero. Then, according to Eq. 
(3.58), the efficiency of transfer of the bit kinetic energy 
to work performed on the rock is 
VlH<<:L (3.2) 
(3.3) 
n  =  2 ( 1- y )  (2e ( 1/2)e B_1)2/ß 
B (3.61) 
where from Eq. (3.60) 
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(3.62) 
and where g >0.3517. 
B 
For a perfectly rigid bit it is realized that 
n = l-y (3.63) 
where y can now be interpreted as the kinetic energy of the 
rebounding bit relative to the impact energy of the bit. 
The reason that the efficiency is less when the bit is 
elastic than when it is rigid is that in the former case the 
bit deforms. Therefore, when the penetration is maximum, 
the bit contains elastic as well as kinetic energy. 
It is now natural to state that, in the situation consid­
ered, the bit behaves like a rigid body when the efficiency 
ri is not much less that (1-y). Since from Eq. (3.61) it is 
seen that n/(1-y)>0.90 when ß <0.50, the bit can be expected 
B 
to behave almost as a rigid body when, say, 
However, the condition (3.64) and Eq. (3.62) are equivalent 
to the condition (3.3). 
With the introduction of the bit mass 
and Eqs. (3.1), (3.21) and (3.60), the conditions (3.2) and 








respectively (p = p, ED = E). 
•D B 
3.3. Down-the-hole Drilling Method 
3.3.1. Penetration velocity of the bit 
The situation when the bit mass M_ is zero, exactly cor-
responds to the churn drilling method and will therefore not 
be treated here. Consider instead the situation when the mass 
Mg of the bit is finite. This situation is illustrated in 
Fig. 3.5. 
t = 0 t t 
p M 
Fig. 3.5. Hammer and bit motion in down-the-hole drilling. 
When at time t = 0, the hammer impacts the bit, a compres­
sive stress wave a is generated at the hammer-bit interface, 
where it is denoted by o(t) (Appendix B). This stress wave 
propagates towards the free end of the hammer, where it is re­
flected as a tensile wave -a. Since the bit is initially at 
rest, the initially generated stress a(0) is the same as 
would have been obtained if the bit were replaced by a rigid 
wall, i.e. -EV/c. The front of this reflected tensile wave 
-a arrives at the bit at time t = t in accordance with Eq. 
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(3.7). Then the hammer and bit separate, at least for some 
time. As a result of the bit's motion into the rock, work 
W is performed. 
There may occur repeated impacts between the hammer and 
the bit. These repeated impacts may also cause further work 
to be performed on the rock. However, such repeated impacts 
will not be considered here. 
In this case, Eqs. (3.8)-(3.14) and Eq. (2.35) remain 
unchanged. However, the initial condition (3.15) is replaced by 
dx(0)/dt = 0 (3.68) 
Therefore, with the introduction of non-dimensional variables 
in accordance with Eqs. ( 3.16)-(3.21), Eqs. (3.22) and (3.23) 
apply, while Eq. (3.24) is replaced by 
d£(0)/dx = 0 (3.69) 
It will be seen that it is convenient, in this case, to 
study the non-dimensional penetration velocity 
v = dÇ/dr (3.70) 
rather than the penetration itself. Therefore, after differ­
entiation, Eq. (3.22) is replaced by 
(a/4)d2v/dT2+dv/dx+v = 0 (3.71) 
Eqs. (3.69) and (3.70) yield 
v(0) = 0 (3.72) 
while Eqs. (3.22), (3.23), (3.69) and (3.70) yield 
dv(0)/dx = 4/a (3.73) 
The solution of Eqs. ( 3.71)-(3.73) is valid in the interval 
0<t<3 (3.25) 
as long as, according to Eqs. (3.27) and (3.70), 
v ( x ) > 0  (3.74) 
is given by Eq. (3.26) or (3.60). 
The inequality (3.74) can also be replaced by 
0<x<x, (3.37) 
where x is the value of x, which makes £ equal to its maxi-
M 
mum value . M 
Naturally, the solution v(x) can be extended to x>3 by 
studying the motions of hammer and bit after they have 
separated at x = ß. This analysis may involve repeated im­
pacts between the hammer and the bit. The solution v(x) can 
also be extended to t>x^ by employing the unloading section 
of the force-penetration relation in accordance with Eq. (2.36) 
These extensions will, however, not be made here. 
The solution of Eq. (3.71) with the initial conditions 
(3.72) and (3.73) is 
v = 








A = (l-a)1/2 (3.76) 
and 
T = (ct-l)1/2 (3.77) 
The solution v(t) is valid in the interval (3.25) when 
0<a<l or a>l and $<T\OL/2T (3.78) 
and in the interval (3.37) with 
T = ttcx/2F (3.79) 
M 
when 
a>l and ß>Tra/2r (3.80) 
From Eq. (3.75) it can be verified that v<l, which means 
that the penetration velocity dx/dt is less than the impact 
velocity V. 
Bit force and efficiency 
If the condition (3.78) is satisfied, then the force P 
acting between hammer and bit is performing a positive work 
XPdx on the bit and rock when 0<t<t . At time t = t , the 
P P 
contact between hammer and bit is interrupted. If there is 
no renewed contact between hammer and bit, the bit continues 
its motion into the rock, rebounds, and the total net work 
performed on the rock becomes equal to the work performed by 
the hammer on the bit and rock minus the kinetic energy of 
the rebounding bit, i.e. 
t 
P 
W = (1-Y)FP(dx/dt)dt (3.81) 
0 
Since the energy W is also given by Eq. (2.39), the maxi­




F2, = 2k/p (dx/dt) dt (3.82) 
M J 
0 
The impact energy is now 
W = (1/2)MHV2 (3.83) 
where the mass of the hammer Mu is given by Eq. (3.54) . ri 
Therefore, the efficiency ri can be determined from Eqs. (3.81) , 
(3.83) and (3.6), i.e. 
n = W/W (3.6) 
If the contact between hammer and bit is renewed when 
t>t , then the work W, the maximum force F., and the efficiency 
p ' M 
n as given by Eqs. (3.81) (3.82) and (3.6) respectively, 
may be exceeded. Therefore, when it is not known whether or 
not there is any renewed contact, these values of W, F^ 
and n must be considered as lower bounds of the actual values. 
If the condition (3.80) is satisfied, then the force P 
acting between hammer and bit is performing a positive work 
/Pdx on the bit and rock when 0<t<t.„. At time t = t., (<t ) 
M M p 
the penetration velocity and consequently the kinetic energy 
of the bit become zero. Therefore, the total net work per­
formed on the rock can be obtained by replacing t by t^ in 
Eq. (3.81), i.e. 
tM 
= (1-y) ̂ P (dx/dt)dt (3.84) 
0 
Consequently the force F^ can be obtained from 
F^ = 2k JP(dx/dt)dt (3.85) 
79 
If now, according to Eqs. (3.10) and (3.11), 
P = (AE/c)(V-dx/dt) (3.86) 
is substituted into Eqs. (3.81), (3.82), (3.84) and (3.85), 
and if further non-dimensional variables are introduced, 
then the non-dimensional maximum force f.. and the efficiency 
M 
n  can be obtained as functions of a ,  3  and y .  
If the condition (3.78) is satisfied, f (>0) can be ob­
tained from the relationship 
where 
f }  =  8 { l  ( a ,  ß )  - J  ( a ,  3 )  }  ( 3 . 8 7 )  
M 
I ( a ,  ß )  =  J v (T; a)dx (3.88) 
and 
J ( o t , 3 )  =/v (Tftt)dT (3.89) 
0 
The evaluated integrals (3.88) and (3.89) are given in Appen­
dix D. 
If instead, the condition (3.80) is satisfied, f can be 
obtained from the relationship 
= 8{I ( a , - r r c t / 2 r ) - J ( a , T r o / 2 D  } (3.90) 
which can be simplified to 
f = 2(l+e_7T/r) (3.91) 
M 
The efficiency n can be expressed in terms of f as 
n = (l-y)f^(a,3)/23 (3.92) 
Numerical results for f according to Eqs. ( 3 . 87)- ( 3 . 89) 
and (3.91) and for n, according to Eqs. (3.92), are plotted 
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Fig. 3.6. f versus ß for different values of a. 
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Fig. 3.7. n/ (1-Y) versus ß for different values of a. 
n = W/W., a = 4kc^M /A^E^, ß = 2kL /AE, y = k/k . Down-the-
1 B He
hole drilling method. 
3.3.3. Discussion 
The non-dimensional maximum force f„ = Fw/F~, where F_ = M M 0 0 
= AEV/2c, has been determined as a function of the parameters 
2 2 2 a = 4kc Mg/A E and ß = 2kL^/AE. The relationship f^ = 
'*"S illu strated in Fig. 3.6. 
For high values of ß, f approaches a constant value, 
M 
which is equal to 2 when 0<a£l. When ß>TTa/2r and a>l, f^ 
assumes the constant value given by Eq. (3.91), i.e. 2<f^<4. 
In physical terms this means that, when the bit is light 
(0<a<l), the maximum force F„ never exceeds the value 
M 
2FQ = AEV/c, which is the force obtained if the hammer im-
pacts a rigid wall longitudinally with the impact velocity V. 
If the bit is heavy (a>l) and the hammer is sufficiently 
long, this force AEV/c is exceeded. However, the maximum 
force never exceeds twice this value, i.e. 2AEV/c. 
The efficiency n = W/W_^, where W is the work performed 
on rock as a result of the first impact between hammer and 
bit, has also been obtained as a function of a, ß and y = k/k^. 
The relationship r|/(l-y) versus a and 3 is illustrated in 
Fig. 3.7. 
For a given value of a, ri has a maximum for a certain 
value of 3/ which depends on a. Moreover, ri/(l-y) approaches 
0 for large values of 3. 
When y is sufficiently small, it can be seen from Fig. 3.7 
that efficiencies of more than 90 per cent can be obtained 
by a proper choice of the parameters a and 3 (say both of the 
order of 2). From the conditions (3.66) and (3.67) it can be 
seen that these values of a and 3 generally agree with the 
initial assumptions regarding bit behaviour. It can also be 
easily verified, and it will become apparent in Section 
3.4.3.2, that these values of a and 3 correspond to values of 
the physical parameters M , k, A, L , c and E, that can be 
B H 
realized. 
Thus, for such values of a and 3, almost all impact energy 
is transferred to the rock as a consequence of the first im­
pact between hammer and bit. If, in such cases, repeated im­
pacts would occur, these impacts can only have a minor in­
fluence on the resulting efficiency. 
When, on the other hand, the ratio of bit mass and hammer 
mass is very small, i.e. a/2$<<l, and 3 is also small, say 
3<<1, the consideration of repeated impacts would influence 
the results to a large extent. When a/23->-0, in fact, a 
treatment which takes repeated impacts into consideration 
would give the same results as were obtained for the churn 
drilling method when a = 0. 
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From a physical point of view it is evident that during 
the impact kinetic energy is imparted to the bit which there­
by performs work on the rock. When the penetration ceases, 
which may occur during as well as after impact, all kinetic 
energy of the bit has been transformed to work performed on 
the rock. From Fig. 3.7 it can be seen that the duration of 
impact (t ~ 3) which gives rise to a maximum of energy trans-
P 
fer to the rock is an increasing function of the bit mass 
( Mß ~ a ) . 
A similar system was studied by FRANKLAND (1948), who 
analysed a one degree of freedom linear mass-spring system 
which is acted upon by different types of impulsive forces. 
For each type of load (rectangular, triangular, half-period 
sine pulse etc.) a dynamic load factor (roughly corresponding 
to f,J was determined as a function of the ratio of pulse 
M 
duration and period of the mass-spring system (corresponding 
1/2 
to 3/iTa ). Results similar to those shown in Fig. 3.6 
were obtained. However, Frankland did not study the type of 
impulsive force which is generated at impact by a cylindrical 
rod. 
CHARLES & BRUYN (1956) studied experimentally the impact 
between a steel hammer and a pyrex glass rod, which was fixed 
in one end. The results obtained were compared with those 
obtained by Frankland for a half-period sine pulse and the 
agreement was satisfactory. In particular, Charles & Bruyn 
observed that the transfer of kinetic energy to strain energy 
in the glass rod assumed a maximum when the ratio of impact 
time and fundamental period of oscillation of the glass rod 
was 0.8. Then the fraction of energy transfer was 0.50. 
These results can be compared with the results obtained here. 
For example, a = 2.00, 3 = 1.70 and y = 0 result in the 
maximum efficiency n =0.91 and the ratio of impact time 
1/2 
and fundamental period of oscillation ß/na =0.38. Thus, 
an appreciably higher maximum efficiency is obtained for 
about half the impact time. This difference is not surprising, 
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however, since the difference between the pyrex glass rod 
employed by Charles & Bruyn and the system studied here ap­
pears to be appreciable. 
3.4. Hammer Drilling Method 
3.4.1. Stress wave reflection 
3.4.1.1. Finite mass bit. - Consider first the situation when the mass 
M of the bit is finite. This situation is illustrated in 13 
Fig. 3.8. 
t 
Fig. 3.8. Bit motion and stress wave generation and 
reflection in hammer drilling. 
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When at time t = -L /c the hammer impacts the rod, a 
R 
compressive stress wave a is generated in the rod. This 
stress wave propagates towards the bit where it arrives at 
time t = 0 and is denoted by a^t) (Appendix B) . At the bit 
a reflected stress wave a is generated, which at the rod-bit 
interface is denoted by a (t) . This reflected stress wave is 
determined by the boundary conditions at the rod-bit inter­
face where the resultant stress becomes a. (t)+o (t). Under 
i r 
the combined action of the incident and reflected stress waves, 
the bit is accelerated towards the rock, and work W is per­
formed . 
When the reflected stress wave a arrives at the rod ham-
r 
mer interface and the free end of the hammer, reflected stress 
waves are again generated which form a second incident stress 
wave a . Since L >>L , it is assumed that o does not 
1 m R H 1 « 
interfere with a. or a at the bit- Therefore, when the 
i r 
second incident stress wave arrives at the bit, where it is 
denoted by assumec^ that ( t) = o^(t) = 0, that 
the bit is at rest and that a second reflected stress wave 
o 2 is generated. The bit is generally, at least temporarily, 
accelerated towards the rock again. Further work W2 is 
therefore performed on the rock if the maximum force 
generated during the second stress wave reflection is larger 
than the maximum force FM generated during the first stress 
wave reflection. This is illustrated in Fig. 3.9. 
Fig. 3.9. Force-penetration relationships at the first 
(solid lines) and second (dotted lines) stress wave inter­
actions at the bit. In (a) no work is performed on rock 
during the second stress wave interaction, whereas in (b), 
work W2 is performed. 
The events are repeated and, consequently, there are third 
and fourth stress wave interactions at the bit etc. Under 
normal operating conditions, however, HUSTRULID (1968) found 
that energy transfer to rock only occurs during the first and 
second stress wave interaction at the bit. Moreover, the main 
part of the energy transfer normally takes place during the 
first stress wave interaction. Sometimes, no energy transfer 
at all takes place during the second stress wave interaction. 
From several points of view (e.g. fatigue of drill rods), 
it appears to be advantageous to transfer a maximum of energy 
to the rock during the first stress wave interaction at the 
bit. Therefore, the repeated reflections in the drill rod 
will not be further considered in this section. In Section 
4.2, however, energy transfer from the second incident stress 
wave will be treated separately under somewhat more restricted 
conditions (M = 0). 
B 
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The equation of motion of the bit is again given by Eq. 
(3.8), i.e. 
Mßd2x/dt2 = P-F (3.8) 
where, as illustrated in Fig. 3.8, x is the bit penetration 
into the rock, P is the force acting between hammer and bit 
and F is the force acting between bit and rock. 
The force P can be expressed as (Appendix B) 
P = - A(o +o. ) (3.93) 
r i 
while the penetration velocity is (Appendix B) 
dx/dt = (c/E) (o -ai) (3.94) 
Further, as long as the penetration velocity is non-negative, 
i.e. 
dx/dt>0 (3.12) 
the force F and the penetration x are related in accordance 
with Eq. (2.35), i.e. 
F = kx (2.35) 
To facilitate a subsequent comparison between theoretical 
and experimental stress wave forms (Section 3.6), it is con­
venient, in this case, to study the reflected stress wave 
ür(t) rather than the penetration x(t) or the penetration 
velocity dx(t)/dt. 
Elimination of P, F and x in Eqs. (3.8), (3.93), (3.94) 
and (2.35) yields the differential equation 
( M B / k ) d 2 a r / d t 2 + ( A E / k c ) d a r / d t 4 a r  =  
=  ( M B / k ) d 2 a i / d t 2 - ( A E / k c ) d a i / d t + a i  (3.95) 
The initial conditions are 
x(0) = 0 (3.96) 
and 
dx(0)/dt = 0 (3.97) 
According to Eqs. (3.8), (3.93), (3.94) and (2.35), these 
initial conditions can be transformed into 
(M c/AE)do (0)/dt+o (0) = (M_c/AE)da. (0)/dt-a. (0) 
JD JL L JD 1 JL 
(3.98) 
and 
ar(0) = ai(0) (3.99) 
respectively. 
It is now convenient to introduce non-dimensional variables 
Let therefore 
Si = Va0 (3.100) 
and 
s = a /a- (3.101) 
r r 0 
where CT^ is a normalizing stress. Using non-dimensional 
stresses, and introducing these stresses together with the 
non-dimensional time x, defined by Eqs. (3.16) and (3.17), 
and the parameter a, defined by Eq. (3.21), into Eqs. (3.95), 
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(3.98) and (3.99) gives 
? ? 2 2 
(a/4)as/dx +dsr/dT+sr = (a/4)d s±/dx -dsi/dx+si 
(3.102) 
(a/4) ds^ (0) /dx+s^. (0) = (a/4 ) ds^ ( 0)/dx-s.^ ( 0 ) 
(3.103) 
and 
s (0) = s.(0) (3.104) 
r i 
Eq. (3.94) and the condition (3.12) can also be tranformed 
into 
s (x)-s.(x)>0 (3.105) 
r i 
The solution of Eqs. ( 3.102)-( 3.104) is valid for x>0 as long 
as the condition (3.105) is satisfied. The inequality (3.105) 
is equivalent with 
0<x<x__ (3.37) 
M 
where xw is the value of x, which makes Ç equal to its maxi-
M 
mum value E . Therefore, when a>0 or s.(x) is a continuous 
M i 
function, xM (>0) can be determined from the equation 
s (x )-s.(x ) = 0 (3.106) 
r M' i M 
When a = 0 and s^(x) is not a continuous function, however, 
x,, must be determined as the value of x for which s -s. M r i 
changes sign from positive to negative. 
Naturally, the solution s^Jx) can be extended to by 
employing the unloading section of the force-penetration 
relationship according to Eq. (2.36). This extension, how­
ever, will not be made here. 
By introduction of the Laplace transforms s.(s) and s (s) 
i v ' 
of s^Ct) and s^x) respectively, Eqs . ( 3.102 ) - ( 3 .104 ) yield 
Sr (S) = HB(s) si (s) (3.107) 
where 
Hß(s) = { ( a /4)s2-s+l}/{( a /4)s2+s+l} (3.108; 
Thus, the solution s (t) can be obtained as the inverse 
r 'V. 
Laplace transform of H (s)s.(s), i.e. B 1 
s (T) = L 1{H (s) s (s) } 
J L  D D .  
(3.109] 
The incident stress wave S^(T) is generally determined by 
the material and geometry of the hammer and rod. In the 
simple situation considered here 
o± (t) 




Therefore, if the normalizing stress a^ is chosen as 
0Q = EV/2c (3.111) 
s . (T) becomes i 
S±(T) = 
-1 , 0<x< 
0 , ß<T (3.112) 
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Eqs. (3.102)-(3.104) and (3.112) or Eqs. (3.108), (3.109) 
and (3.112) yield 
sr = -g(T)+g(T- ß) (3.113) 
where g(x) =0 when t<0 and 
g (T) = 
l-(4/A)e 2l//asinh ( 2Ax/a) , 0<a<l 
l-8xe 
-2t , a = 1 
l-(4/ r)e 2T//asin(2Tx/a) , a>l (3.114) 
when x>0. A and V are give n by Eqs. (3.76) and (3.77), i.e. 
1/2 A = (1-cO (3.76) 
and 
r = (a-1) 1/2 (3.77) 
xM(>0) can be determined from Eq. (3.106) and Eqs. (3.112)-
(3.114). 
When 
0<a^l or a>l and ß<ira/ 2 r  (3.78) 




q 2 ß. 2ß ße /(e -1) 
0<a< 1 
a = 1 
(a/2T) {arctan (A2)+n7r} , a>l (3.115) 
where 
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= (e2e(1+û> /"-i,/(e2e(l-A)/»-« (3.116) 
& = sin(2T ß/a)/{cos(2r B/a)-e"2 B/a} (3.117) 
and where the number n=0, 1, 2, ... is determined by the 
zeros 3 , 3^, ß2, ••• (0 = 3Q<31<...) of the denominator in 
Eq. (3.117) . Thus 




3j< 3< 3j+i (3.119) 
cos(2T 3j/a)-e"2 ßj/a = 0 (3.120) 
a>l and 3>^a/2r (3.80) 
tm(<3) is obtained as 
T = 7Ta/2r (3.121) 
M 
3.4.1.2. Zero mass bit. - According to Eq. (3.21) a bit of zero mass 
corresponds to a = 0. Then Eqs. (3.102) and (3.103) yield 
ds /dx+s = -ds./dx+s. (3.122) 
r r i i 
and 
s (0) = -s.(0) (3.123) 
r i 
The condition (3.104) is omitted, since when a = 0, the 
penetration velocity dx/dt need no longer be a continuous 
function. 
The solution of Eqs. (3.122) and (3.123) is valid for 
T>0 as long as the condition (3.105) is satisfied. 
By Laplace transformation again the solution S^T) can 
be obtained from Eq. (3.109), where now 
When S^(T) is given by Eq. (3.112) then S^(T) is given by Eq. 
(3.113), where now 
when T>0. 
It is readily verified that the condition (3.105) is 
satisfied when 0<T<ß. However, when 0<y<l, the force acting 
on the bit is a continuous function of time. Therefore, 
Si(T)+sr(T) must also be a continuous function and it is 
rea lize d t ha t, sin c e s ^ (  ß) = 0 ,  
Hß(s) = (l-s)/(l+s) (3.124) 
g(t) = l-2e T (3.125) 
SR (  ß )  = lim (S^(T)+S^(T) } (3.126) 
From Eqs. (3.112), (3.113), (3.125) and (3.126) then 
sr ( ß )  =  -2 ( 1-e ß) (3.127) 
Therefore, sr(ß)<0, and since s^ß) = 0, then 
s
r ( ß ) - s ± ( ß ) < 0  (3.128) 
To summarize, the penetration velocity is positive when 
0<X<ß, but suddenly becomes negative when T = ß. Therefore, 
the solution obtained is valid only in the interval 0<T< ß, i. 
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Since xw is defined as the value of x, which makes Ç M 
equal to its maximum value and since £(x) is a continuous 
function 
= ß (3.131) 
M 
(Notice that dÇ(x )/dx^O). 
3.4.2. Bit force and efficiency 
According to Eqs. (3.8), (3.93) and (3.94), the maximum 
force acting on rock is 
FM = -A{ar(tM)+ai(tM)}-(MBc/E){dar(tM)/dt-dai(tM)/dt} 
(3.132) 
or if non-dimensional variables are introduced according to 
Eqs. (3.4), (3.16), (3.21), (3.100) and (3.101), 
fM = -{sr(TM)+Si(TM)}_(a/4){dSr(TM)/dT"dSi(TM)/dT} 
(3.133) 
When the condition (3.78) is satisfied, then TM>ß, sr^TM^ = 
= s.(t ) = ds.(x„)/dx = 0 and Eq. (3.133) can be simplified to 
i M i M 
f = -(a/4)ds (x )/dx (3.134) 
M r M 
Eqs. (3.113), (3.114) and (3.134) yield 
fM 
( 1/A) [(1-A) e 2(1"a) xM/a-(l+A)e 2(1+&)TM/ct-
-(l-A)e-2(1-A)<TM-6)/a+(l+A)e-2(1+A)<TM-e)/"] 
0<a<l 
2[2TMe~2TM-e"2TM-2(TM- 8)e~2(TM~ ß)+e~2(TM~ ß)] 
a = 1 
2e"2xM/a{-cos(2rxM/a) + (1/Dsin(2rxM/a) + 
+e2 ß/acos[2r(TM- 3) /a] -
- (1/D e2 ß/asin[2T (T - ß) /a] } 
a>l (3.135) 
When the condition (3.80) is satisfied, then tm<8, sr(TM) 
= s.(t ) = -1, dsi(xM)/dx = 0 and Eq. (3.133) can be simpli­
fied to 
fM = 2-(a/4)dsr(xM)/dT (3.136) 
Eqs. (3.113), (3.114), (3.121) and (3.136) yield 
fM = 2<1+e'"/r> (3.137) 
This result is identical with the result (3.91) in the case 
of down-the-hole drilling. 
Finally, when a = 0, s^tm^ = ^ an<^ (3.133) is simpli­
fied to 
fM = "W 
(3.138) 
Eqs. (3.127), (3.131) and (3.138) yield 
fM = 2(1"e } (3.139) 
Eqs. (3.115), (3.135), (3.137) and (3.139) yield fMas 
a function f (a,8) . 
Again the efficiency ri is given in terms of fM(a,ß) by 
Eq. (3.92), i.e. 
n = (l-Y)f^(a,ß)/2ß (3.92) 
Thus, when a = 0, the simple result 
n = 2 (l-Y) (l-e~ß)2/ß (3.140) 
is obtained. 
Numerical results for f according to Eqs. (3.115), (3.135), 
(3.137) and (3.139) and for n according to Eq. (3.92) are 
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Fig. 3.10. f versus ß for different values of a. 
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Fig. 3.11. n/(l-Y) versus 3 for different values of a. 
n = W/W , a = 4kc2Mß/A2E2, 3 = 2kLR/AE, y = k/ke. Hammer 
drilling method. 
3.4.3. Discussion 
3.4.3.1. General. - The non-dimensional maximum force f = F/F., where  
M MO 
F = AEV/2c, has been determined as a function of the para-
2 2 2 meters a = 4kc M /A E and 3 = 2kL /AE. The relationship 
B H 
fM = fM(a,ß) is illustrated in Fig. 3.10. 
For high values of 3, f^ approaches a constant value, 
which is equal to 2 when 0<a<l. When $>T\O./2T and a>l, f^. 
assumes the constant value given by Eq. (3.137), i.e. 2<fM<4. 
In physical terms this means that, when the bit is light 
(0<a<l), the maximum force F^ never exceeds the value 2FQ = 
= AEV/c, which is the force obtained, if the hammer impacts 
a rigid wall longitudinally with the impact velocity V. If 
the bit is heavy (a>l) and the hammer is sufficiently long, 
this force AEV/c is exceeded. However, the maximum force 
never exceeds twice this value, i.e. 2AEV/c. 
The efficiency n = W/W , where W is the work performed 
on rock during the first stress wave interaction at the bit, 
has also been obtained as a function of a, (3 and y = k/ke» 
The relationship n/(l-y) versus a and ß is illustrated in 
Fig. 3.11. 
For a given value of a, n/(l~y) has a maximum for a cer­
tain value of ß, which depends on a. Moreover, n/(l-y) ap­
proaches 0 for small and large values of (3. 
When a = 0, the maximum value of n/(l-y) is 0.815 for 
ß = 1.26. Further, n/(1-y)>0.50 when 0.35<ß<3.85, i.e. when 
y = 0, the efficiency is higher than 50 per cent when ß varies 
with a factor between 1 and 11. These observations are in 
agreement with results presented earlier by SIMON (1964) 
(Simon's parameter = ß) and, according to Eq. (3.60) they 
imply that with given values of the parameters L , A and E, 
H 
it is possible to obtain high efficiency in very different 
types of rock. Also, if during drilling the parameter k, 
describing the interaction between cutters and rock, varies 
between extremes differing as much as a factor of 11, it is 
still possible to obtain an efficiency which is always higher 
than 50 per cent. 
The highest possible value of n/(l-y) for any combination 
of a and ß is 0.902 and this value is assumed when a = 2.329 
and ß = 1.970. From the conditions (3.66) and (3.67) it can 
be seen that these values of a and ß generally agree with 
the initial assumptions regarding bit behaviour. It can also 
easily be verified, and it will become apparent in Section 
3.4.3.2 that these values of a and ß correspond to values 
of the physical parameters k, M , A, LR, c and E, that can be 
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realized in hammer drilling. When y is sufficiently small, 
it is therefore possible to transfer more than 90 per cent 
of the impact energy to the rock during the first stress wave 
interaction at the bit. Thus, the energy that may be de­
livered during subsequent stress wave interactions at the 
bit is only of minor importance. Also, since it is not 
desirable that repeated stress wave reflections take place in 
the rod, there seems to be no reason to increase by only a 
few per cent the total efficiency by decreasing the relative 
amount of energy delivered to the rock during the first stress 
wave interaction. Therefore, even with respect to repeated 
stress wave interactions at the bit, a = 2.329, $ = 1.970 
(and y = 0) appear to be a convenient choice of parameters. 
It must however be stressed that this conclusion is drawn 
when the force-penetration relationship is linear during 
loading (k constant) and when it is possible to choose a>0 .  
HUSTRULID (1968) showed that when the force-penetration rela­
tionship is non-linear during loading, and when a = 0 (M = 0), 
there may be a considerable amount of energy transferred to 
the rock during the second stress wave interaction. 
In physical terms, the following can be stated: 
If the bit mass M is small (a  low) and the rock is soft 
B 
(3 low), then the end of the rod behaves as approximately 
free and the reflected stress wave a  differs from the inci-
r 
dent stress wave a essentially only in sign. If, on the 
other hand, the rock is hard (3 high), then the end of the 
rod behaves as approximately fixed and the reflected stress 
wave o is approximately equal to the incident stress wave ck. 
Therefore, when a = 0 and 3 is either low or high, only little 
energy is delivered to the rock and the efficiency ri is low. 
For some intermediate value of 3 the efficiency becomes maxi­
mum. 
If the bit is heavy (a  high), then because of the inertia 
of the bit, the rod end behaves as fixed during the first 
stress wave interaction. Therefore, the efficiency ri becomes 
low again. 
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For intermediate values of the bit mass (intermediate 
values of a), however, an essential part of the kinetic energy 
gained by the bit during the presence of the incident stress 
wave, can be transferred to the rock. Therefore, in this 
case, the inertia of the bit has a favourable influence on 
the energy transfer to the rock. 
3.4.3.2. Maximum efficiency conditions. - Eqs. (3.21) and (3.60) can 
be combined to give 
Mg = a(A2E2/4c2)/k (3.141) 
and 
Mß = (a/ß2)(L2/c2)k (3.142) 
When a = 2.329 and ß = 1.970, Eqs. (3.141) and (3.142) pro­
vide two necessary conditions for maximum efficiency, n = 
0.902. If it is assumed that the hammer and rod material is 
steel, then E = 2.0 lO^N/m2 and c = 5.1 10^m/s are given, 
and Eq. (3.141) relates Mß and k for a given value of A, while 
Eq. (3.142) relates M and k for a given value of LTT. There-B H 
fore, if two of the four parameters M (characterizing the 
B 
bit), k (characterizing bit-rock interaction), A (characteri­
zing rod and hammer) and L (characterizing hammer) are 
H 
arbitrarily chosen, then the remaining parameters can be de­
termined from Eqs. (3.141) and (3.142). This is illustrated 
in Fig. 3.12, where maximum efficiency combinations of M , 
B 
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Fig. 3.12. Combinations of Mß, k, A and LR giving maxi­
mum efficiency n. 
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For example, it is found that when A = 1.0 10 m and 
L = 0.50 m, then for maximum efficiency M = 2.3 kg and 
H 
k = 390 MN/m. 
-3 2 
The rod cross section A = 1.0 10 m approximately cor­
responds to a 1^5 inch drill steel. If it is assumed that the 
bit is cylindrical with a diameter of 3 inches (0.075 m) and 
3 
a density of 7.8 10 kg/m , then it is found that the bit mass 
M = 2.3 kg corresponds to a bit length of L = 0.067 m, which 
B *-> 
is a normal value. 
If it is assumed that the wedge length of the 3 inch bit 
is 0.10 m, that the wedge angle is 120° and that the rock 
is Indiana Limestone, then from Stephenson's result in Table 
2.3, k = 207 MN/m (provided that there is contact between 
the rock and the full length of the wedge). This value only 
differs with a factor of two from the value obtained above. 
Thus, the value obtained for k is also a value of the normal 
order of magnitude. 
This example shows that under normal operating conditions 
it is possible to obtain energy transfer efficiencies as high 
as 90 per cent in hammer drilling. However, since the opera­
ting conditions are normally strongly varying for a single 
rock drill and since it is often desired to combine different 
drill rods and bits with a single rock drill, this result 
would be of little value if the efficiency were sensitive to 
changes in the parameters M^, k, A and . However, it is 
easily found that the sensitivity of the efficiency, when it 
assumes its maximum value, to changes in these parameters is 
quite low. Thus, if M is changed up or down by a factor of X3 
two, the relative decrease in the efficiency is not greater 
than approximately 9 per cent. The corresponding figures 
for k, A and L are 19 per cent, 10 per cent and 36 per cent 
n 
respectively. 
It is seen that the hammer length Lu is the parameter n 
that influences the efficiency to the highest degree. Still 
the sensitivity to changes in hammer length is not very high. 
This latter result is in agreement with e.g. the early ob­
servation made by RYD (1938) that within certain limits the 
result of drilling does not depend very much on whether a 
given work has been performed using a light or heavy hammer. 
In the example it is also seen that the sensitivity to changes 
in bit mass Mß or rod and hammer cross sectional area A is 
low. 
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From this example, the conclusion can be drawn that from 
an efficiency point of view only, the detailed choice of 
design parameters for a percussive drill is not very critical. 
Also, it can be concluded that, even if there are large 
variations of the conditions at the bottom of the drill hole 
and even if there are large variations in the different 
layers of rock, it should still be possible to keep the 
average efficiency high. This is in agreement with observa­
tions made by COOK & HUSTRULID (1970). 
Figs. 3.13 and 3.14 illustrate some differences and 
similarities between the three methods of percussive rock 
destruction that have been analysed. It must, however, be 
remembered that the values of f and n/(1~Y) for the down-
M 
the-hole and hammer drilling methods are based on a single 
impact and a single stress wave interaction respectively. 
Therefore, in general, these values represent lower bounds 
of the values which would be obtained if the phenomena of 
repeated impact and repeated stress wave interactions, re­
spectively, were taken into consideration. 
Fig. 3.13 illustrates that generally 
3.5. Comparison of the Methods 
f,„ (hammer) <f (down-the-hole) <f. (churn) 
MM M 
(3.143) 
and Fig. 3.14 illustrates that generally 
n(hammer)(down-the-hole) (3.144) 
For sufficiently small values of ß, however, 
n(hammer)<n(down-the-hole)<n(churn) (3.145) 
Identical results (f^ and n/(l-y)) are obtained for the down-
the-hole and hammer drilling methods, when a>l and ß>iTa/2r. 
Similar conclusions that were obtained in Section 3.4.3.2 
regarding maximum efficiency conditions for the hammer dril­
ling method can be obtained also for the other methods. 
Thus, for example, efficiencies higher than 90 per cent can 
be obtained for proper values of a, ß and y. Furthermore, 
these high efficiencies are not very sensitive to changes in 
the parameters M^, k, A and and they can be realized in 
conventional designs. 
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Fig. 3.13. f versus ß for a = 0 and a = 5. 













Fig. 3.14. n/(1-y) versus ß for a = 0 and a = 5. 
a = 4kc2Mß/A2E2, ß = 2kLR/AE, y = k/kg. 
3.6. Experiment 
3.6.1. Equipment 




Fig. 3.15. Experimental apparatus. 
Different artificial bits were attached to a drill rod 
in a drop-hammer. The hammers were cylindrical with approxi­
mately the same cross sectional area as the rod and different 
lengths. Therefore, on impacting the rod, the hammers pro­
duced rectangular stress waves with different lengths. Be­
fore impact, the bits were either resting on a cubical 
3 
block of Swedish Bohus Granite, approximately 1 m , or they 
were free. 
Two sets of strain gauges, compensated for bending, were 
mounted on the rod. The upper gauges were connected via a 
trigger unit to the trig input of a Tektronix oscilloscope 
and the lower gauges were connected to the input of one of 
the channels of the oscilloscope via a conventional Wheatstone 
bridge circuit. The trigger unit was adjusted to give 
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a single output triggering pulse a short time before the 
arrival of the incident stress wave a., which was recorded 
x 
together with the reflected stress wave by means of a 
camera. 
The design of the bits and their attachment to the rod 
are illustrated in Fig. 3.16. The cutter was a single coni­
cal pin, and the bits differed in diameter and therefore 
also in mass. 
25 
35, 55, 65 
Fig. 3.16. Bits for the experiments. 
3.6.2. Procedure. 
Incident (a^) and reflected (ar) stress waves were re­
corded for eight combinations of three hammers (t = 0.20 ms, 
0.40 ms and 0.60 ms), four bits (M = 0 kg, 0.38 kg, 0.93 kg 
JD 
and 1.30 kg) and two different end conditions (k = 0 MN/m and 
5.6 MN/m). The pulse lengths t were determined from the 
incident stress wave records and the bit masses Mß (including 
the part of the rod inside the bit body) were calculated 
3 3 (density 7.8 10 kg/m , length 50 mm, diameters 35 mm, 55 mm 
and 65 mm respectively). The value of the force-penetration 
constant k was determined from the reflected stress wave 
record and theoretical results when M = 0. The method of 
B 
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achieving this will be shown below. In the tests where k>0, 
the bit was moved to an undamaged piece of rock surface be­
fore each impact. 
The eight combinations of t^, Mg and k are given in 
Table 3.1. In the same table are also given corresponding 
values of 
a = 4kc2Mß/A2E2 (3.21) 
and according to Eqs. (3.17) and (3.26) 
ß = ket /AE (3.146) 
P 
-4 2 as well as L /L and kL /A_E (A = 4.90 10 m , E = E = 
.. _ B^ H B B B B 
= 2.0 10 N/m , c = 5.1 lO^m/s). It can be seen that for all 
the eight combinations the inequalities (3.2) and (3.3) are 
well satisfied. Thus, from a theoretical point of view, the 
bits are expected to approach rigid masses in behaviour. 
Table 3.1. Combinations of t^, Mg and k in the tests. 
Test p B k - / 
Number (ms) (kg) (MN/m) a B H B B B 
1 0.60 0 0 0 0 0.03 0 
2 0.60 0.38 0 0 0 0.03 0 
3 0.60 0.93 0 0 0 0.03 0 
4 0.20 1.30 0 0 0 0.10 0 
5 0.40 1.30 0 0 0 0.05 0 
6 0.60 1.30 0 0 0 0.03 0 
7 0.60 0 5. ,6 0 0.17 0.03 0 
8 0.60 1.30 5. ,6 0.079 0.17 0.03 0.0004 
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3.6.3. Results and comparison of theory and experiment 
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Fig. 3.17. Comparison between theoretical and experimental 
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Fig. 3.18. Comparison between theoretical and experi­
mental results. Tests 5-8. 
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The theoretical results also shown in Figs. 3.17 and 
3.18 are obtained as follows: 
The incident stress wave is approximated with a rectan­
gular pulse with amplitude o^: 
oi/o0 = 
-1 , 0<t<t 
p 
0 t <t (3.147) 
P 
Then, according to Eqs. (3.100), ( 3.101), ( 3.112) , (3.113), 
(3.16) and (3.26) 
°r/a0 = ) (3.148) 
where 
G ( t) = g(t/tQ) (3.149) 
and where g(t/tQ) is given by Eqs. (3.114) and (3.125). 
When M = 0 and k-*0 (Test 1), the end is free and Eqs. 
B 
(3.149), (3.125), (3.16) and (3.17) yield in the limit 
G(t) = -1 (3.150) 
Thus, differs from only by the sign. 
When Mß>0 and k->0 (Tests 2-6), a+0 and Eqs. (3.149), 
(3.114), (3.76), (3.16), (3.17) and (3.21) yield in the limit 
G(t) = 2e"(AE/MBC)fc-l (3.151) 
When Mg = 0 and k>0 (Test 7), Eqs. (3.149), (3.125) and 
(3.16) yield 
G(t) = l-2e t/t0 (3.152) 
where 
tQ = AE/kc (3.17) 
When finally M >0 and k>0 (Test 8), Eqs. (3.149), (3.114) 
n> 
and (3.16) yield 
G(t) = l-(4/A)e"(2/a)t/t0sinh{(2A/a)t/tQ} (3.153) 
From Test 7, it is found that 
a
r(t ")/a0 = 0.68 (3.154) 
while according to Eqs. (3.148) and (3.152), 
a
r(tp-)/aQ = -l+2e~tp/t0 (3.155) 
Eqs. (3.155), (3.154) and t = 0.60 ms then yield t. = 3.45 ms. 
p 2 0 
With this value of t^, Eq. (3.152) is fitted to the experi­
mental result in Test 7. The same value of t^ is, however, 
substituted into Eq. (3.153) to allow a comparison between 
theory and experiment in Test 8. From Eq. (3.17) and the 
determined value of t , k = 5.6 MN/m is also obtained. 
Discussion 
The agreement between theory and experiment, as illustrated 
by Figs. 3.17 and 3.18 is for many practical purposes quite 
satisfactory. However, there are essentially two types of 
deviation between theory and experiment . 
First, there are small oscillations in the measured stresses 
without correspondence in theory. This deviation is caused by 
the limitations of the elementary stress wave theory (Appen­
dix B) . 
Secondly, experimentally observed peaks in ar(t) at t = 0 
and t = t have lower amplitudes and are smoother than the 
ir 
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peaks obtained from theory. This deviation can readily be 
explained as follows: The theoretical peaks result from the 
two basic assumptions that the incident stress wave is a 
perfect rectangular pulse and that the bit behaves as a per­
fectly rigid body. However, in the experiments, the rise 
and decay times of the incident stress wave are seen to be 
approximately 20 ys. Furthermore, the widths of the theoret­
ically determined peaks are of the order 10 y s (Mß = 0.38 kg) 
to 50 ys (Mg = 1.30 kg), while the travelling time for a 
stress wave twice the length of the bit is approximately 20 us. 
Thus, during these short time intervals that correspond to 
the width of the theoretically determined peaks in a , there 
is not sufficient time to allow the bit to behave like a rigid 
body. Therefore, the experimentally determined stress peaks 
are not as high and as sharp as those obtained theoretically. 
The second deviation discussed above is essential with 
respect to considerations regarding e.g. fatigue of drill 
rods. However, the deviation is not very significant in 
connection with the determination of maximum bit force or 
efficiency of energy transfer to rock. 
The comparison between theory and experiment was per­
formed in a situation corresponding to the hammer drilling 
method. However, it is reasonable to believe that similar 
agreement would also be obtained for the churn drilling and 
down-the-hole drilling methods. 
SUPPLEMENTARY PROBLEMS CONNECTED 
WITH HAMMER DRILLING 
Introduction 
In Section 3.4 the hammer drilling method was analysed, and 
in Section 3.5 it was compared with two other methods of 
percussive rock destruction, viz. the churn drilling method 
and the down-the-hole drilling method. However, there are 
several important aspects of hammer drilling which were not 
covered by the analysis in Section 3.4. A few of these aspects 
will be treated separately in the present chapter. 
In Section 3.4 the determination of the work performed on 
the rock was entirely based on the energy delivered during 
the first stress wave reflection at the bit during each cycle. 
However, as was shown by HUSTRULID (1968), there may be re­
peated transfer of energy to the rock caused by repeated stress 
wave reflections in the drill rod. In Section 4.2 it will be 
shown, in a situation similar to the one studied in Section 
3.4, under what conditions there is or is not energy transfer 
to the rock during the second stress wave interaction at the 
bit. For the sake of simplicity, however, it is assumed that 
the bit mass M = 0, i.e. a = 0. 
B 
In Section 3.4 the analysis was limited to the situation 
when the hammer is cylindrical and the hammer and rod cross 
sectional areas and material properties are equal, i.e. when 
the incident stress wave is a rectangular pulse. However, 
FAIRHURST (1961c) and SIMON (196 4) have shown that the shape 
of the incident stress wave influences the efficiency of 
energy transfer to the rock to a large extent. ARNDT (1960), 
FISCHER (1960), SIMON (1963a) and DUTTA (1968) have also 
shown how the shape of the incident stress wave can be de­
termined if hammer and rod material and geometrical properties 
are known. In order to demonstrate in greater detail the 
influence of stress wave shape on the energy transfer to the 
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rock, energy transfer from a stress wave shaped as a trian­
gular pulse will be studied in Section 4.3. Also, in the 
same section, the efficiency will be studied when the incident 
stress wave is generated by a cylindrical hammer with greater 
dynamic stiffness than the rod. Except for the shapes of the 
incident stress waves, the situations studied in Section 4.3 
are similar to the one studied in Section 3.4. For the sake 
of simplicity, however, it is assumed that the bit mass 
Mß = 0, i.e. a = 0. 
In Sections 3.4, as well as 4.2 and 4.3, the loading sec­
tion of the force-penetration characteristic is assumed to 
be linear as is illustrated in Fig. 2.19. In Section 4.4, 
however, the influence of a non-linear loading section of the 
force-penetration characteristic will be considered by first 
assuming a parabolic relation as is illustrated in Fig. 2.20. 
In this case it is assumed that the incident stress wave is 
a rectangular pulse and that the bit mass M = 0. Then, also, 
a more general type of non-linear loading section of the 
force-penetration characteristic will be considered by assuming 
a piece-wise linear relation as is shown in Fig. 2.21. In 
that case it is assumed that the incident stress wave is a 
piece-wise linear function of time, while the bit mass MD(>0) 
may be arbitrary. 
4.2. Energy Transfer from the 
Second Incident Stress Wave 
4.2.1. Introduction 
Consider hammer drilling as it is illustrated in Figs. 3.1 
and 3.8 and assume that the bit is massless, M =0. Let 
B 
the notation and basic assumptions be the same as in Chapter 3. 
Then, according to the results obtained in Section 3.4, 
the incident stress wave 
s . = 
1 
-1 , 0<T< 
0 , ß<T (3.112) 
gives rise to the generation of a reflected stress wave at 
the bit 
s = -l+2e 
r (3.129) 
when 
0<T< ß (3.130) 
This has been referred to as the first stress wave reflection 
or interaction at the bit. During this first stress wave 
reflection, the maximum force acting on the bit is 
f
M 
= 2<1"e > (3.139) 
and the efficiency of energy transfer to the rock is 
n = 2 ( 1- y) ( 1-e ß)2/ (3.140) 
The first part of the reflected stress wave s^ is tensile, 
i.e. s^_>0. Therefore, when the reflected stress wave arrives 
at the rod-hammer interface, it separates the rod from the 
hammer and is, at least as long as it is tensile, reflected 
from the free upper end of the rod as a compressive second 
incident stress wave s^ = ~sr<0. When this second incident 
stress wave s^ arrives at the bit, it is assumed that the 
force F acting between bit and rock has dropped to zero (the 
rod is sufficiently long). Therefore, the force-penetration 
characteristic met by s±2 takes the form (2.36) as long as the 
force F acting on the rock is less than the maximum force F 
M 
obtained during the first stress wave reflection. If F becomes 
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greater than F , then the force-penetration relationship is 
given by Eq. (2.35) as long as the penetration velocity is 
non-negative. At the bit s^2 gives rise to a second reflected 
stress wave s At the bit these stress waves are denoted 
r2 
by si2(T) and sr2^ respectively (Appendix B) . 
If the maximum force F _ reached at the bit, during the 
M 2. 
second stress wave reflection, is less than F . then no 
M 
further work is performed on the rock. This is illustrated 
in Fig. 3.9a. If, on the other hand, Fm2 is greater than 
F , then work W„ is performed on the rock during the second 
M 2 
stress wave reflection in addition to the work W performed 
during the first stress wave reflection. This is illustrated 
in Fig. 3.9b. In the latter case, the values of f and n as 
given by Eqs. (3.139) and (3.140) respectively, may be consid­
ered as lower limits of the actual values obtained, when re­
peated reflections are taken into account. 
Next, the maximum force F £ attained during the second 
stress wave reflection will be determined. Then, by studying 
when 
a criterion will be obtained, which tells when no work is 
performed on the rock by the second incident stress wave. If 
the criterion is not satisfied, such work is performed. 
4.2.2. Second stress wave reflection 
For brevity, it is convenient to redefine time so that 
T = 0 corresponds to the time when the second incident stress 
wave s.» arrives at the bit. Thus, at the bit 
i2 
s._ = l-2e"T (4.2) 
i2 
for 0<x<ß, at least as long as si2 is compressive, i.e. 
(4.3) 
Some time after s._ has become tensile, i.e. s._>0, s.„ 
i2 i2 x2 
may be different from the expression given by Eq. (4.2) be­
cause of a reestablished contact between hammer and rod. Eqs. 
(4.2) and (3.127) show that s^ changes from compressive to 
tensile when 0<T<B. However, the force F acting on the rock 
must attain its maximum value Fw_ at some time x = T ~ when M2 M2 
the incident stress wave is compressive or when it changes 
from compressive to tensile. This is realized since F>0 
and s^2>® imPlies dx/dt<0, i.e. a negative penetration velocity. 
Consequently, 0<TM2~^ an(^ Si2 " ŝ 9 iven correctly by Eq. (4.2) 
in the interval 0<t<t „ when 0<t,.o<6 and in the interval MZ MZ 
0<T < T m2 "hen = S. 
For brevity, it is also convenient to redefine the penetra­
tion x in such a way that x = 0 corresponds to the penetration 
when the second incident stress wave arrives at the bit. 
Thus, it is assumed that x(0) =0 and that 
F = kgx (4.4) 
as long as in agreement with Eq, (4.1) F„„<F„. The case 
Mz M 
FM2>FM need not ke considered. The force-penetration relation­
ship thus met by the second incident stress wave is illustrated 
in Fig. 4.1. 
Fig. 4.1. Force-penetration relationship at second stress 
wave reflection. 
From Eqs. (3.95) and (3.98) respectively (with = 0) , 
the differential equation 
(AE/kec)dar2/dt+ar2 = -(AE/k^c)dai2/dt+ai2 (4.5) 
and the initial condition 
ar2(°) = *ai2(0) (4.6) 
are obtained. If, in accordance with earlier definitions, 
the non-dimensional stresses 
s = a. /a (4.7) 
i2 i2 0 
and 
s _ = a /a (4.8) 
r2 r2 0 
are introduced, where an is defined in Eq. (3.111), and if 
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also the parameter y in agreement with Eq. (2.38) and the 
non-dimensional time x in agreement with Eqs. (3.16) and 
(3.17) are introduced, then Eqs. (4.5) and (4.6) take the 
forms 
yds „/dx+s 0 = -yds.~/dx+s.~ (4.9) 
r2 r2 i2' i2 
and 
sr2(0) = -si2(0) (4.10) 
respectively. 
From Eqs. (4.2), (4.9) and (4.10) the solution 
sr2 = l+2{(l+y)/(l-y)}(e"T/Y-e"T) (4.11) 
for sr2(T) ̂-s obtained. This solution is valid in the inter­
val 0<x<x..o when 0<xAj>„< 3 and in the interval 0<x<x when M2 M 2. M2 
4.2.3. Energy transfer 
In accordance with the definition (3.4) of f , the non-
14 
dimensional maximum force f „ at the second stress wave re-
M Z 
flection is defined as 
fM2 = FM2/F0 (4'12) 
where FQ is given by Eq. (3.5). Since with f = F/FQ and 
0<y<l f(x) is a continuous function, it is realized that 
f(x)^f(xM2) = fM2 When T">TM2~* Therefore (Cf. Eq. 3.133), 
fM2 = -lim{sr2(T)+si2(T)} (4.13) 
T+T — 
M2 
where xM2 can be determined as the value of x for which 
(sr2~si2^ changes sign from positive to negative when 0<x<3. 
I 
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e B<2-{2/(l-y)}{2y/(l+y)}Y/(1 Y)+ 
+ {(1+y)/(1-y)}{2y/(1+y)}1/(1_Y) (4.18) 
ß<{y/(1-y)}ln{(1+y)/2y} (4.19) 
then 
TM2 = 6 (4-20) 
and 
fM2 = 2[-1+{2/(1-Y)}e_B-{(l+Y)/(l-Y)}e"ß/Y] (4.21) 
A 
In this case, according to Eqs. (3.139) and (4.21), the in­
equality (4.17) is satisfied provided that 
{(3-y)/(1-y)}e~ß-{(l+y)/(l-y)}e~ß/Y<2 (4.22) 
For brevity, it is convenient to introduce functions 
ß^(y), É>2 ̂  and ^3^ defined for 0<y<l as 
31 = {y/(1-y)}ln{(1+y)/2y} (4.23) 
ß2 = -ln[2-{2/(l-y)}{2y/(l+y)}Y/(1_Y)+ 
+{(1+y)/(1-y)}{2y/(l+y)>1/(J (4.24) 
and implicitly as 
{ (3-y)/(1-y)}e"ß3-{(l+y)/(l-y)}e"33/Y = 2 (4.25) 
Then the condition for no energy transfer to the rock at the 
second stress wave reflection, i.e. f,„_.£.f . can be summarized 
M2 M 
as follows: 
ß>ß1(y) and ß>ß2(y) (4.26) 
ß<ßx(y) and ß>ß3<y) (4.27) 
However, ß^l/2) = ß2 (1/2) = ß (1/2) = ln(3/2) and 
ß1(y)<ß3(y)<ß2(y) (4.28) 
when 0<y<l/2, whereas 
ß3 ('Y) <g2 (Y) <ei(Y) (4.29) 
when l/2<y<l. Therefore, the conditions (4.26) and (4.27) 
can be summarized as 
ß > ß 0 ( Y )  (4.30) 
where 
( Y )  =  
ß 2 ( y )  
ß 3 ( y )  
0<Y<1/2 
1/2<Y<1 (4.31) 
Thus, if the condition (4.30) is satisfied, there is no 
energy transfer to the rock during the second stress wave re­
flection at the bit. If, on the other hand, the condition 
(4.30) is not satisfied, then such energy transfer occurs. 













Fig. 4.2. Combinations of the parameters y and 3 for 
which energy transfer does or does not take place at the 
second stress wave reflection at the bit. 3 = 2kL^/AE, 
Y = k/ke. 
4.2.4. Discussion 
According to the condition (4.30), no energy transfer to 
the rock occurs at the second stress wave reflection if the 
parameter 3 = 2kL /AE is greater than or equal to a certain 
value 3Q which is a function of the parameter y = k/k^. This 
is illustrated in Fig. 4.3. Fig. 4.2 illustrates that 3Q is a 








O ß>ß O 
ß o 
Fig. 4.3. For ß^ßQ no energy is transferred to the rock 
by the second incident stress wave. 
When 0<Y<1, energy is not transferred to the rock by the 
second incident stress wave if the rock is sufficiently hard 
(k large) and/or if the hammer is sufficiently long (L„ large). 
This is explained by the fact that in such cases the tensile 
part of the first reflected stress wave is relatively small. 
Consequently, the compressive part of the second incident 
stress wave is also relatively small. If, on the other hand, 
the rock is sufficiently soft and/or the hammer is sufficiently 
short, then an essential part of the second incident stress 
wave is compressive, and additional work is performed on the 
rock. 
When the deformation of rock is completely inelastic, i.e. 
Y+0, a certain amount of energy is always delivered by the 
second incident stress wave. This is explained by the fact 
that if, in this case, the second incident stress wave gives 
rise to any penetration at all, then additional work is per­
formed. When, on the other hand, the deformation of rock is 
completely elastic, i.e. Y-*l, then the maximum force due to 
the second incident stress wave is always less than the maxi­
mum force due to the first incident stress wave. This is 
explained by the fact that the force-penetration relation­
ships faced by the first and second incident stress waves 
are identically the same, the stress wave energies are also 
the same, but while the first incident stress wave is com­
pletely compressive, the second incident stress wave is to 
a certain extent tensile. Therefore, the second wave gives 
rise to less maximum force than the first wave. 
When energy is transferred to the rock by the second inci­
dent stress wave, energy may also be transferred by the third, 
fourth etc. incident stress waves. However, as was noticed 
by HUSTRULID (1968), this is normally not the case in hammer 
drilling. When, on the other hand, no energy is transferred 
to the rock by the second incident stress wave, it seems like­
ly that no energy is transferred by the third, fourth etc. 
stress waves either. The reason for this is that the ampli­
tude of the compressive part in the beginning of the third 
incident stress wave is smaller than that of the second 
incident stress wave, while the force-penetration relationship 
remains unchanged etc. 
In Section 3.4.3 it was concluded that since the maximum 
efficiency based on energy transfer from the first incident 
stress wave only is as high as 0.902 (for a = 2.329, ß = 1.970 
and Y = 0), the energy that may be delivered by subsequent 
incident stress waves is only of minor importance. Here it 
is moreover seen that when a = 0 and 3>6Q(Y), there is no 
further energy at all delivered by the second incident stress 
wave (and probably not by any other subsequent stress wave). 
This further strengthens the feeling that from a rock drill 
design point of view it may be sufficient to consider energy 
transfer by the first incident stress wave. 
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4.3. Influence of Incident 
Stress Wave Shape 
4.3.1. Introduction 
Consider hammer drilling when the hammer material (Young's 
modulus ETI, sonic velocity c.,) is not necessarily the same as n n 
the rod material (Young's modulus E = E, sonic velocity 
K 
c = c) and when the hammer geometry is arbitrary. Assume 
R 
that the rod is cylindrical with cross sectional area AR = A 
and that there may be an anvil between the hammer and rod. 
In this case, the stress wave o., which is generated at 
impact, will not generally have the simple form of a rectan­
gular pulse as in Section 3.4. Instead, the shape of the 
generated stress wave is determined by an infinite number of 
reflections in the hammer and anvil, and it may often become 
quite complex. This has been shown by several investigators, 
e.g. ARNDT (1960), FISCHER (1960), SIMON (1963a) and DUTTA 
(1968). Also, the energy of the generated stress wave (Appen­
dix B) 
= (Ac/E)Ja^(t)dt (4.32) 
may be less than or equal to the impact energy. In other 
words, the hammer may possibly rebound without being influenced 
by the reflected stress wave a from the bit end of the rod. 
Normally, however, no such rebound occurs and the impact 
energy and the generated stress wave energy are equal (pro­
vided that the rod is long enough). This is also the case in 
the situation considered in Section 3.4. 
The work performed on the rock at the first stress wave 
reflection at the bit is again given by Eq. (2.39), i.e. 
W = (l-y)F^/2k (2.39) 
and, as in Section 3.1, an efficiency of energy transfer to 
the rock is defined as 
n  =  W / W ( 3 . 6 )  
Provided that the impact energy of the hammer is complete­
ly converted into stress wave energy, W here and in Section 
3.1 have the same meaning and, consequently, the definitions 
of the efficiency n are the same. If, however, the impact 
energy of the hammer is not completely converted into stress 
wave energy in the rod, then the definition of efficiency 
given here results in a higher efficiency than the definition 
in Section 3.1. 
If the non-dimensional stresses s. and s in accordance 
i r 
with Eqs. (3.100) and (3.101), the non-dimensional time T in 
accordance with Eqs. (3.16) and (3.17) and the non-dimensional 
maximum force 
fM = FM/F0 (3"4) 
where now in agreement with earlier definitions (Eqs. (3.5) 
and (3.111)) 
are introduced, then Eqs. (4.32), (2.39) and (3.6) yield 
n = (1-y)f^/2^s^(t)dx (4.34) 
Since for the rectangular stress wave considered in Section 
3.4 the value of the integral in Eq. (4.34) is ß, it can be 
seen that Eq. (3.92) is a special case of Eq. (4.34) . 
For many types of stress waves ŝ x) the penetration 
velocity d?/dT is non-negative until the time xM when the 
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maximum force f is attained. Then, according to Eq. (3.133), 
M 
fM = -^sr(TM)+si(TM)}"(a/4){dSr(TM)/dT"dSi(TM)/dT> 
(3.133) 
where x , is the value of t, which makes E, equal to its maxi-
M 
mum value £ . 
M 
Since, as was shown in Section 3.4, the penetration 
velocity dÇ/dx is proportional to (sr-s> this quantity 
changes sign when x = xw. Therefore, when a>0 or s.(x) is M 1 
a continuous function x,, can be determined from the equation 
M 
Sr(TM)_Si(V = ° (3.106) 
When a = 0 and s^(x) is not a continuous function, however, 
x , must be determined as the value of x for wh ich (s -s.) 
M r i 
changes sign from positive to negative. 
As long as the penetration velocity is non-negative, i.e. 
0<x<xAlt (3.37) 
M 
and when a>0 the reflected stress wave s^(x) is related to 
the incident stress wave s^(x) by the differential equation 
(a/4)d2s /dx̂ +ds /dx+s = (a/4)d2s./dx2-ds./dx+s. 
r r r i i x 
(3.102) 
and the initial conditions 
(a/4)dsr(0)/dx + sr (0) = (a/4)ds±(0)/dx-si(0) (3.103) 
and 
sr(°) = s (0) (3.104) 
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When a = 0, Eqs. (3.102)-( 3 .104) are replaced by Eqs. 
(3.122) and (3.123), i.e. the initial condition (3.104) is 
orritted. 
it is often possible to determine the efficiency n, defined 
as the ratio of the work performed on the rock at the first 
stress wave reflection and the incident stress wave energy, 
by use of Eqs. (3. 102)-(3 . 104) , (3. 106), (3. 133) and (4.34). 
It is therefore realized that the efficiency n is unaffected 
by üQ, which represents the stress wave amplitude. 
If the complete incident and reflected stress waves s.(x) 
ani s^(t) are known, the efficiency n can be determined more 
simply as 
Next, the influence of incident stress wave shape on 
efficiency will be illustrated by two examples. First it will 
be assumed that the incident stress wave is an arbitrary 
triangular pulse. Such a pulse is not normally generated at 
impact, but the example illustrates perfectly some fundamen­
tal properties of the relationship between efficiency and 
incident stress wave shape. Then the incident stress wave 
is assumed to be of such a type as is generated by impact, 
when the hammer is cylindrical and of greater dynamic stiff­
ness (Appendix B) than the rod (when the hammer and rod 
materials are the same, this implies that the hammer has a 
larger cross sectional area than the rod). In both examples, 
it is assumed for the sake of simplicity that the bit mass 
M = 0, i.e. a = 0. 
ID 
To sum up, if the incident stress wave ŝ [t) is known, 
n (4.35) 
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4.3.2. Triangular incident stress wave 
4.3.2.1. Stress wave reflection. - The incident stress wave is assumed 
to be given by 
and is illustrated in Fig. 4.4. In accordance with the defi­
nition of ß in Section 3.4, ß is the non-dimensional half-
width of s^'t), while 0 (0<0<1) determines the position along 
the T-axis of the peak amplitude. Therefore, ß and 0 repre­
sent the duration and shape of the stress wave respectively. 
-T/20 ß O<T<20ß 
s . 
i 







O<0<1, Eqs. (3. 
stress wave S_^(T). 






-( 1+ ß )/ ß(1-0)+x/2ß(1-0) 
0 <x<20ß 
20 ß<x<2 ß (4.37) 
The solution (4.37) is valid in the interval (3.37), i.e. 
0<t<tm, where according to Eqs. (3.106), (4.36) and (4.37) 
2  0  ß < x < 2  ß  a n d  
M 
tm = ln{(e20^-1+0)/0} (4.38) 
When 0+0 and 0->-l Eq. (4.38) yields 









4.3.2.2. Efficiency. - According to Eqs. (3.133) (with a = 0), (3.106) 
and (4.36) the maximum force f is obtained as 
M 
fM = (2ß-\M)/ßd-Ö) (4.41) 
Further, Eq. (4.36) yields 
JS^(t)CLT = 2ß/3 (4.42) 
and the efficiency n is obtained by substitution of Eqs 
(4.41) and (4.42) into Eq. (4.34) as 
n = 3(l-y)(2f-xM)2/4ß3(l-0)2 (4.43) 
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When 0+O Eqs. (4.43) and (4.38) yield 
lim n = 3(1-y)(2ß-ln(l+2ß)}2/433 
0+0 
(4.44) 
and when 0->l the same eq uations yield 
lim ri = 3(1-y){2ß-l+e ^}^/4ß^ 
0+1 
(4.45) 
From Eqs. (4 . 43)-(4 . 45) and (4.38) it is seen that the 
efficiency ti is a function of the parameters ß, 0 and y. ß 
represents the length of the stress wave while 0 represents 
the shape of the stress wave. In dimensional units ß can be 
expressed as 
where t is the half-width of the triangular pulse and 
Numerical results for n ac cording to Eqs. (4.43)-(4.45) 
and (4.38) are plotted in Fig. 4.5. 
(3.26) 
P 
tg = AE/kc (3.17) 
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,n/(l~Y) 




1 5 O 2 4 3 
Fig. 4.5. n/(l-y) versus ß for different values of 0. 
ß = t /t„, where t is the half-width of the triangular pulse 
p 0 p 
ani t n  = AE/kc, y = k/k . 
0 e 
4.3.3. Inrident stress wave generated by a cylindrical hammer with 
dyiamic stiffness greater than or equal to the dynamic stiff­
ness of the rod 
4.3.3.1. Stress wave reflection. - The incident stress wave is given 
by (e.g. FISCHER, 1960) 




s = qn (4.47) 
n 
q = (R-l)/(R+l) (4.48) 
R = A E c/AEc (>1) (4.49) 
H ri M 
B-t p/t 0  (4.50, 
tp - 2Lh/ch (4.51) 
and is illustrated in Fig. 4.6. A , E and c denote the 
on n 
cross sectional area, the Young's modulus and the sonic veloc­
ity respectively for the hammer, while A = A , E = E and 
K K 
c = c denote the corresponding quantities for the rod (sub-
R 
scripts R are dropped). t^ is given by Eq. (3.17). AhEH^CH 
and AE/c = A E /c are sometimes referred to as the dynamic 
R R R 
stiffness of the hammer and rod respectively. Therefore, R 
will be referred to as the dynamic stiffness ratio. 
According to Eq. (4.46), ß is the non-dimensional duration 
of each constant amplitude segment of the stress wave, while, 
according to Eqs. ( 4 . 46)-(4 . 48) , R determines the ratio q 
of the amplitudes of two successive segments sn + -^ anc^ s^ of 
the stress wave. Therefore, ß and R represent the duration 










A n+l As 
n „ i n-1 




Fig. 4.6. Incident stress wave S^CT). 
When R>1, as it is assumed here, the impact energy is 
completely transformed into stress wave energy. When R<1, 
however, the stress wave energy is less than the impact 
energy, and the hammer rebounds after the time t given by 
P 
Eq. (4.51). When R>1 the stress wave duration is infinite, 
according to Eq. (4.46), whereas when R<1, the stress wave is 
a rectangular pulse as in Section 3.4. 
It is also seen that when the hammer and rod materials 
are the same, then R = A /A>1, i.e. the cross sectional area 
n 
of the hammer is larger than the cross sectional area of the 
rod, and ß = 2kL /AE, i.e. g is given by Eq. (3.60) . 
When R> 1 and x> ß the incident stress wave S_^(t) can also 
be expressed as 
n 
s. = -1+ £ As. , n ß<x<(n+1)ß (n = 1, 2, ...) 
1 i=l J 
J (4.52) 
where, according to Eqs. (4.46) and (4.47), 
ASj = (l-q)q^ 1 (4.53) 
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Eqs. (3.122), (3.123) and (4.52) yield 
s = 2e~X-l+ £ As . (-2e~(T_jß)+l) 
r j=l 3  
nß<x<(n+l)ß (n = 1, 2, ...) (4.54) 
The solution (4.54) is valid as long as s^(t ) - s ^ ( t)>0, i.e. 
in the interval (3.37) or 0<x<x, . where xw is the value of t, M M 
for which s^(x)-s^(x) changes sign from positive to negative. 
Eqs. (4.52)-(4.54) yield 
n  " - 1  '  R  
s -s. = 2e T{l-(l-q) £ q3 e"1 } 
r i . - , 3=1 
nß<x<(n+l)ß (n = 1, 2, ...) (4.55) 
Since it is known from the analysis in Section 3.4 that 
s
r (t J-s^t) does not change sign in the interval 0<x<ß, it 
can be seen that s^jxj-s^tx) can change sign only when x = nß, 
n = 1, 2, .... From Eq. (4.55) x^ can therefore be determined 
as follows: Let the functions ß (R) be defined by 
n 
n . « . Q 
l-(l-q) E q3 e"1 n = 0 (4.56) 
j=l 
i.e. if ß 7^-ln(q) 
n 
t  B ,/ n  N n (n+1)ß . 1-e n+(l-q)q e n = 0 (4.57) 
for n = 1, 2, ... and let ß0(R)^°°. Then 
tm = jß (4.58) 
if ß satisfies the inequality 
ßj(R)<ß<ßj_1(R) (j = 1, 2, ...) (4.59) 
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Fig. 4.7. t versus ß and R. 
M 
4.3.3.2. Efficiency. - According to Eqs. (3.133) (with a = 0), 
(4 .52) - (4.54) and (4.58), the maximum force f„, is obtained as 
M 
fM = 2e"j 3(eß-l) (l-(qe3) j}/(l-qeß) (4.60) 
provided that ß belongs to the interval given by the inequality 
(4.59) . 
Further, Eqs. (4.46) and (4.47) yield 
Js^(T)dT = ß/(l-q2) (4.61) 
and the efficiency n i s obtained by substitution of Eq. (4.61) 
into Eq. (4.34) as 
H = (l-Y)(l-q2)f^/2ß (4.62) 
When R = 1, Eqs. (4.48) and (4.57) yield q = 0 and ßn = 0, 
n = 1, 2, .... Therefore, always ß^<ß<°° and, according to 
139 
Eqs. (4.59) and (4.60), j = 1 and 
f = 2(l-e~ß) (4.63) 
M 
Eqs. (4.62) and (4.63) yield the efficiency 
n = 2 (l-y) (l-e~ß)2/ß (4.64) 
Eqs. (4.63) and (4.64) agree with Eqs. (3.139) and (3.140), 
which were derived for a = 0 when s^(t) is a rectangular 
pulse. 
Numerical results for n accor ding to Eqs. (4.60) and 






0 1 3 2 
ß 
Fig. 4.8. n/ (1-Y) versus ß for different values of R. 
n = w/W., ß = t /tn where t - 2Lu/c„ and t = AE/kc, 1 p (J p n n U 
R = AHEHC/AECH, Y = k/ke. 
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4.3.4. Discussion 
For two different types of incident stress waves the in­
fluence of stress wave shape on the efficiency of energy 
transfer to the rock has been studied. In both cases the 
duration of the stress wave was represented by the parameter 
Br while t he shape of the stress wave was represented by the 
parameters 0 (O<0<1) and R (R>1) respectively. 
The influence of 0 and R on the stress wave shape is 
illustrated in Fig. 4.9. 
0 
R = 1 10 
Fig. 4.9. Stress wave shape for different values of 0 
and R respectively. The duration of the stress waves is repre­
sented by Br which i s constant. 
Before the influence of the parameters 9 and R on the 
efficiency is discussed, it is legitimate to ask what incident 
stress wave shape would give the highest possible efficiency. 
The answer to this question is readily found as follows: 
According to Eq. (4.35), it is possible to obtain the effic­
iency n = 1 if s (t) e 0. Therefore, the efficiency n = 1 
r 
can be obtained provided that y  =  0  and, according to Eq. 
(3.122), s^t) is determined from the differential equation 
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-ds./dx+s. = O (4.65) 
i i ' 
If the initial condition (3.123) is replaced by the condition 
t h a t  ( T )  - » • - ( T )  = 0  w h e n  x - » ~ t h e n  
S i(T) =-
"eI ' T<TM 
T  >  T  
~ M (4.66) 
where x^ is arbitrary. In this case, the penetration velocity 
drops to zero when x = x . since s (x)-s.(x) = 0 when x>xw. 
M r i M 
It is also seen that the half-width of the stress wave s. 
i 
given by Eq. (4.66) is 
ß = ln2 (4.67) 
i.e. the half-width ß = 0.693 is constant and independent of 
Xjyj. If Y>0, a reflected stress wave is generated for t>xm 
and the efficiency is reduced to n = 1-y. 
The result given by Eq. (4.66) was earlier obtained by 
FAIRHURST (1961c) and is illustrated in Fig. 4.10. 
Fig. 4.10. Incident stress wave S^(T) for maximum effic­
iency (n = 1-y ) . 
When the incident stress wave is a triangular pulse with 
a given value of 0 (O<0<1), n/(l~Y) assumes its maximum value 
for a certain value of ß. This value of (3, which is approxi­
mately equal to 1, and the corresponding maximum value of 
n/(l-y) depend on 0. Thus, when 0 increases from 0 to 1, the 
maximum value of n/(l~Y) increases from 0.61 when 0 = 0 to 
0.97 when 0=1. Moreover, n/(l-Y) approaches 0 for low and 
high values of ß. Also, for any given value of ß, n/(l-y) 
is an increasing function of 0. 
That a higher value of 0 results in a higher efficiency 
than a lower value of 0 may be expected from the fact that the 
stress wave given by Eq. (4.66), which has an increasing ampli­
tude, is the most favourable incident stress wave from an 
efficiency point of view. This, in turn, can qualitatively 
be understood from the fact that the force F is an increasing 
function of the penetration x. 
When the incident stress wave is of the type which is 
generated by a cylindrical hammer and the dynamic stiffness 
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ratio R (R>1) is given, n/(l- Y )  in general again assumes its 
maximum value for a certain value of 3. This value of (3 and 
the corresponding maximum value of n/(l-Y) depend on R. Thus, 
when R = 1, the maximum value of n/(l_Y) is 0.815 for ß = 1.26. 
For R>1 the maximum value of n/(l~Y) becomes less and for 
s u f f i c i e n t l y  l a r g e  v a l u e s  o f  R  t h e  c o r r e s p o n d i n g  v a l u e  o f  ß  
also becomes less. However, it should be noted that for 
certain values of R, the value of ß corresponding to the 
maximum value of n/(l-Y) maY not be unique. 
From a comparison of Figs. 4.9 and 4.10, it can be seen 
that the stress wave generated by the cylindrical hammer when 
R>1 has properties which are in a sense opposite to those of 
the most favourable stress wave with respect to efficiency. 
This is illustrated in the analysis by the fact that when 
ß.(R) <ß< ß. , (R) , then T „  =  i ß  and consequently, the stress 
j j-1 M 
wave energy corresponding to the tail T > j ß  of S^(T) represents 
wasted energy (the work performed on the rock would have been 
the same without that tail part of the stress wave). On the 
other hand, it is evident from the analysis that for certain 
low values of ß and certain values of R, the efficiency may 
be increased by increasing the value of R, i.e. by increasing 
the relative part of the stress wave energy, which is con­
tained in the tail of the wave. 
4.4. Influence of Non-Linear 
Loading Section of the 
Force-Penetration Characteristic 
4.4.1. Parabolic force-penetration characteristic 
4.4.1.1. Introduction. - Consider hammer drilling when the force-pene­
tration characteristic is parabolic according to Eq. (2.41). 
Assume also for the sake of simplicity that the elastic 
deformation of the rock is negligible in agreement with 
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Fig. 2.20 (k -*°°) and that the bit mass is zero (M = 0) . 
® B 
Let the notation and other basic assumptions be the same as 
in Chapter 3. 
4.4.i.2 . Stress wave reflection. - From Eqs. (2.41), (3.8), (3.93) and 
(3.94) it is found that during loading the reflected stress 
wave a is related to the incident stress wave a bv the 
r i 
differential equation 
(AE2/4Kc2) (do /dt+do ./dt) 2+(a +c . ) (a - a . ) 2 = 0 r i r i r i 
(4.68) 
The initial condition is obtained from Eq. (3.98) as 
a 
r(0) = -ai (0) (4.69) 
Assume that, in agreement with Eqs. (3.110) and (3.111), 
the incident stress wave is given by 
o±(t) = 
-°o , o<t<tp 
[° ' t St (4.70) 
and introduce non-dimensional stresses according to Eqs. 
(3.100) and (3.101). 
Introduce the non-dimensional time according to Eq. (3.16) 
where the normalizing time t is now defined by 
tQ2 = AE2/2Kc2aQ (4.71) 
Then Eqs. (4.68)-(4.70) are transformed into 
(dsr/di+dSi/dT)2 + 2(sr+s±) (sr-si)2 = 0 (4.72) 




-1 , 0<T< ß 
0 , ß<T (3.112) 
where 
6=tp/t0 (3.26) 
The solution of Eqs. (4.72) and (4.73) is valid as long 
as the penetration velocity is positive, i.e. 
s^(t)-s^(T)>0 (4.74) 
or 
0 < T < T (4.75) 
M 
Therefore, the solution 
s = l-2tanh2(x) (4.76) 
r 
is valid in the interval 0<x< ß. Since it is further realized 
that s (x) S 0 when x>ß, it : 
r 
comes maximum when t-»-3-, i.e, 
T H is seen that the penetration be-
x = ß (4.77) 
M 
4.4.1.3. Efficiency. - The efficiency of energy transfer to the rock 
is again defined as 
n = w/W (3.6) 
where the work W performed on the rock is given by Eq. (2.42) 
and where the stress wave energy W_^ is given by Eqs. (4.32) 
and (4.70). 
If the non-dimensional maximum force fw is introduced M 
according to Eqs. (3.4) and (4.33) and if the non-dimensional 
variable ß is introduced, Eq. (3.6) can be expressed as 
n = 21/2f^/2/3ß (4.78) 
Further, it is easily found that 
f.. = lim-{s (T)+S.(T)} 
M . r i x->ß-
(4.79) 
fM = 2tanh2(ß) (4 .80) 
Substitution of Eq. (4.80) into Eq. (4.78) finally results 
in 
n = 4tanh3(ß)/3ß (4.81) 
Numerical results for n ac cording to Eq. (4.81), are 
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ß 
Fig. 4.11. n versus ß. n = W/W., ß = t /t0 where 
2 2 2 P t = 2LTI/C and T. = AE /2Kc o . p H 0 0 
4.4.1.4. Discussion. - The relation between n and ß when the force-
penetration characteristic is parabolic has the same general 
features as the corresponding relation when the force-penetration 
characteristic is linear (Section 3.4). However, the maximum 
efficiency, n = 0.66, is lower than in the linear case, and 
a basic difference is that in the linear case ß is independent 
of the stress wave amplitude a Therefore, the efficiency-
depends on the stress wave amplitude in the non-linear case 
but not in the linear case. 
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4.4.2. Piece-Wise Linear 
Force-Penetration Characteristic 
4.4.2.1. Introduction. - From the results presented in Chapter 2, it 
is evident that when the bit is equipped with a single cone-
shaped (Fig. 2.9) or wedge-shaped (Fig. 2.11) indentor, the 
force-penetration relationship is often not very well repre­
sented for a single penetration by the quadratic relationship 
(2.41) or the linear relationship (2.35). This may also be 
the case when the bit is equipped with several cutter elements. 
A truer representation of the force-penetration characteristic 
is given by the piece-wise linear relationship according to 
Eq. (2.43). This relationship, which can be accurately 
fitted to experimental data, is illustrated in Fig. 2.21. 
In order to investigate the influence on efficiency of 
different types of non-linear force-penetration relations, 
the treatment of hammer drilling presented in Chapter 3 was 
extended to the above-mentioned piece-wise linear force-
penetration relationship. It was also assumed that the inci­
dent stress wave is a piece-wise linear function of time. 
Other basic assumptions were the same as in Chapter 3. 
For each linear segment of the force-penetration relation­
ship, a differential equation corresponding to Eq. (3.102) 
was formulated. The successive solutions were joined together 
by the conditions that the penetration velocity and conse­
quently the penetration are continuous functions of time. 
These two conditions correspond to Eqs. (3.103) and (3.104). 
The work W performed on the rock was determined from the 
maximum penetration as the area bounded by the loading curve, 
the unloading curve and the x-axis , and the stress wave energy 
W was determined from Eq. (4.32). The efficiency n was 
determined as the ratio of W and W_^ according to Eq. (3.6) . 
A modified Runge-Kutta method was used in solving the 
differential equations. It was coded in FORTRAN and run on 
an IBM 1130 computer. 
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The program was tested for various combinations of para­
meters and in all cases where a direct comparison with 
analytical results was possible, the error in the computed 
efficiency was less than a few tenths of a per cent. 
The numerical analysis and the development of the computer 
programs were performed as a student's project at the Royal 
Institute of Technology in Stockholm by THURESSON (1971a, b) 
with the author as a supervisor. 
Next, in a particular example, an application of this 
work will be briefly presented. 
4.4.2.2. Example of results. - Assume for the sake of simplicity, that 
the force-penetration characteristic can be represented by 





x,„ x M 
Fig. 4.12. An example of a force-penetration relation 
with a piece-wise linear loading section. 
xw denotes the maximum penetration and Fw denotes the M M 
corresponding force (i.e. not necessarily the maximum force). 
As long as the penetration velocity dx/dt is positive, the 
force-penetration curve is a saw-tooth curve which consists of 
linear segments that start and end on the straight lines 
F = kx and F = 2kx. The first segment is the straight line 
F = kx in the interval 0<x<x^ and the rest of the segments 
have the slopes 4k, -8k, 4k, -8k, .... When the penetration 
velocity dx/dt becomes negative the force F is given by Eq. 
(2.36) where kg denotes the slope of the unloading segment of 
the force-penetration curve. 
The incident stress wave is again assumed to be a rectan­
gular pulse with amplitude and width t according to Eq. 
(4.70) . 
The efficiency is obtained as a function n(a,ß,y,6) 
of the parameters a, B, Y and 6 where, in agreement with 
earlier definitions, 
a = 4kc2M_/A2E2 (3.21) 
ß = t /tQ (3.26) 
tQ = AE/kc (3.17) 
Y = k/ke (2.38) 
The parameter 6 is defined by 
6 = kx1/AaQ (4.82) 
Since kx^ is the value of the force F at the end of the first 
segment of the force-penetration curve, and Ao^ is the force 
in a cross section of the drill rod which results from the 
incident stress wave, 6 is closely connected with the number 
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of segments of the force-penetration curve that are run 
through. In particular, it is apparent from Section 3.4 
that, independent of the values of a and $, the first segment 
is not completely run through if 6>4. 
Numerical results for n a re plotted in Figs. 4.13 and 4.14. 
The results are compared with the corresponding results for 
n whe n the force-penetration relationship is linear during 
loading, i.e. 
F = hkx (4.83) 
where h is a non-dimensional parameter and l^h<2. These latter 
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4.4.2.3. Discussion. - The relationship between n and ß when the force-
penetration curve has a saw-tooth shape has the same general 
features as the corresponding relationship when the force-
penetration characteristic is linear. However, as in the case 
of a parabolic force-penetration relationship, a basic differ­
ence is that the efficiency depends on the stress wave ampli­
tude in the non-linear case but not in the linear case. In 
spite of this amplitude dependence, it is seen from Figs. 4.13 
and 4.14 that a linear approximation (l<h<2) of the saw-tooth 
curve gives results for the efficiency which for many purposes 
may be satisfactory approximations of the real efficiency. 
In the light of this result one may sometimes be justified 
in considering the linear loading force-penetration charac­
teristic earlier employed in Chapters 3 and 4 as a linear 
approximation of a much more complex real force-penetration 
characteristic. 
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5. STRESS WAVE TRANSMISSION 
THROUGH JOINTS 
5.1. Introduction 
As was stated in Section 1.2, several rods are sometimes 
joined together in hammer drilling. At each joint the inci­
dent stress wave a gives rise to one reflected stress wave 
i 
a and one transmitted stress wave cr . Even if after a number 
r t 
of reflections back and forth in the rods, stress wave energy 
originating from reflected stress waves arrives at the bit, 
it seems reasonable to assume that the energy associated 
with each reflected stress wave is insignificant in con­
nection with rock destruction. The reason is that the stress 
waves originating from reflected stress waves a^ at the joints 
arrive at the bit too late and at too low amplitude levels 
compared with the main stress wave that is transmitted straight 
through the joints (Cf. the results obtained for a triangular 
stress wave with 0 = 0 in Section 4.3.2). Therefore, there 
are reasons to consider only the energy associated with the 
stress wave that is transmitted straight through the joints 
as useful energy. 
As was shown by TAKAOKA, HAYAMIZU & MISAWA (1958 in 
Japanese; see FAIRHURST, 1961a), stress wave reflections at 
the joints are not the only source of energy losses in con­
nection with stress wave transmission through joints between 
rods. Frictional losses in the joints may also be considerable 
However, these losses depend to a large extent on the de­
tailed design of the joints (threads etc.) and may be diffi­
cult to take into consideration in a general manner. 
FISCHER (1960) treated the joint simply as a cylindrical 
swell on the rod and thereby the influence of friction was 
neglected. A similar treatment will be given here. An 
attempt to consider in a more complete way the state of stress 
in the different parts of the joint was made by means of photo-
elastic techniques by BABENKOV, IVANOV & HESIN (1965) . How­
ever, their rod and joint models were flat, which of course 
does not either give a true description. 
As is illustrated in Fig. 5.1, it is assumed that the 
drill rods and joints are cylindrical, homogeneous and of the 
same material. The geometry is characterized by the rod cross 
section area = A, the joint cross sectional area A and 
K U 
the joint length L , while the material is characterized by 
u 
the Young's modulus E = E = E, the density p = p = p and 
R J K J 




A L E c 
J J 
A E c 
Fig. 5.1. Joint between two equal rods. 
Even if the rod and joint materials are assumed to be the 
same, the joints will sometimes be considered as rigid bodies 
( E ->00 f Q ->00 ) in contrast with the rods. The geometric condi-
J J 
tions under which this is a good approximation will be obtained 
from the analyses. 
The motion of the rods is further assumed to be governed 
by the one-dimensional wave equation (Appendix B) while the 
motion of the joints is assumed to be governed by either the 
one-dimensional wave equation or, when the joints are consid­
ered to be rigid, rigid body mechanics. 
The effects of gravity are neglected and before the 
arrival of the incident stress wave a ̂ at a joint at time 
t = 0, the joint and the joined rods are at rest and are free 
from stresses. 
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In the following sections several problems in connection 
with stress wave transmission through joints between equal 
rods will be considered. First, the efficiency of energy 
transfer, defined as the ratio of transmitted stress wave 
energy and incident stress wave energy, i.e. (Appendix B) 
will be determined for a single joint treated as an elastic 
swell on the rod. Then the efficiency will be determined 
when the joint is treated as a rigid body and the results of 
the elastic swell and the rigid body treatments will be com­
pared. Since it will become apparent that the results are 
often not very different, the rigid body treatment will be 
employed in determining which stress wave of a given duration 
gives maximum energy transfer through a single joint. The 
rigid body treatment is also preferred in the study of stress 
wave energy transfer through an arbitrary number of joints. 
In this case, the efficiency is again defined according to 
Eq. (5.1) , where a is now the stress wave incident towards 
the first joint and a is the stress wave which is transmitted 
straight through all the joints. Finally, a comparison will 
be made between theory and a simple experiment. 
5.2.1. Stress wave transmission 
Assume first that the incident stress wave at the first 
rod-joint interface is a step function, i.e. 
n (5.1) 
5.2. Single Elastic Joint 
a . = - a 
i i 0 
t>0 (5.2) 
Then, according to the elementary stress wave theory (Appendix 
B), it is easily found that at the second rod-joint interface 
the transmitted stress wave is determined by 
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a ,  =  - a  
t n 
(n-1/2)t <t<(n+l/2)tj 




°n = (1"P )a0 
p = (r-1)/(r+1) 







From Eqs. (5.2) and (5.3) the transmitted stress wave 
can also be obtained for any incident stress wave that can 
be represented as a superposition of step functions. If in 
particular, is the rectangular pulse 






where the duration of the pulse t is a multiple of t_, i.e 
p J 
t = mtT (m = 1, 2 , . . . ) 
P J 
(5.8) 




(n = 1, 2, . . . , m) 
(n = m+1, m+2, ...) 
(n-1/2)tj<t<(n+1/2)tj (5.9) 
This result is illustrated in Fig. 5.2. 
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Fig. 5.2. Transmitted stress wave through one elastic 
joint when the incident stress wave a is a rectangular pulse. 
5.2.2. Efficiency 
When the incident stress wave is the rectangular pulse 
given by Eqs. (4.70) and (5.8), the efficiency can be obtained 
from Eqs. (5.1), (4.70), (5.8) and (5.9) as 
m 2 2 
n = ( l/m) { I (VV + E ( ~ °n/ö O + 0n-m/a 0) } (5*10) 
n=l n=m+l 
If Eq. (5.4) is substituted into Eq. (5.10) this result can 
be simplified to 
n = l-2p2(l-p2m)/(l-p4)m (5.11) 
In particular, Eqs. (5.5) and (5.11) show that n -»-1 when m-»-00 
or r->l. 
In the derivation of Eq. (5.11) it has been assumed that 
m = 1, 2, .... However, it is realized that when 0<m<l, the 
transmitted stress wave consists of separate pulses with ampli­
tude levels equal to those of the single pulse obtained when 
m = 1. In the case 0<m<l the length of each single pulse is 
equal to the length of the incident stress wave, while in the 
case m = 1, the length of a portion of the transmitted stress 
wave with constant amplitude is also equal to the length of 
the incident stress wave. Therefore, when 0<m<l, the efficien­
cy r) is independent of m and is obtained from Eq. (5.11) with 
m = 1. 
It is a straight-forward procedure to extend the analysis 
to arbitrary values of m>0. For the purposes here, however, 
this extension will not be of interest. 
Numerical results for r\ according to Eqs. (5.11) and (5.5) 










0 5 10 
r 
Fig. 5.3. Efficiency ri versus r for different values of m. 
r = Aj/A' m = fcp/j (sometimes = LH/L ). Elastic joint. 
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5.2.3. Discussion 
When the joint is treated as an elastic swell on the rod, 
the transmitted stress wave, as is illustrated in Fig. 5.2, 
becomes a piece-wise constant function of time. As can be 
seen from Eq. (5.4), the amplitude of the transmitted stress 
wave is lower than the amplitude of the incident stress wave. 
As is illustrated in Fig. 5.3, the efficiency n is 
independent of the parameter m when 0<m<l, but is an increas­
ing function of m when m>l (m = 1, 2, ...). This means that 
a stress wave which is long compared with the joint is 
favourable with respect to efficiency. In Fig. 5.3, it is 
also illustrated that the efficiency ri is a decreasing function 
of the parameter r (>1). Thus, it is favourable with respect 
to efficiency if the joint has as far as possible the same 
cross sectional area as the rods. 
5.3. Single Rigid Joint 
5.3.1. Stress wave transmission 
The equation of motion of the rigid joint is (Appendix B) 
M^du/dt = -A(a +a.)+Aa (5.12) 
J r i t 
where 
M_ = PAtLt (5.13) 
J J J 
is the mass of the joint, u is the velocity of the joint in 
the propagation direction of the incident stress wave ck and ck, 
a and cr denote the stress waves at the rod-joint interfaces, 
r t 
The velocity u can be expressed in terms of a as (Appen­
dix B) 
u = -(c/E)ot (5.14) 
and the condition that the velocities of the two rod-joint 
interfaces are the same takes the form (Appendix B) 
-a t=a r-a. (5.15) 
If u and ar are eliminated, Eqs. (5.12) (5.14) and (5.15) 
result in the differential equation 
(MjC/2EA)dat/dt+o = a (5.16) 
Since it is assumed that u(0) = 0, Eq. (5.14) gives the 
initial condition 
at(0) = 0 (5.17) 
In Eqs. (5.16) and (5.17) it is convenient to introduce 
the non-dimensional time 
t = t/tQ (5.18) 
and the non-dimensional stresses 
Si = °i/a0 (5.19) 
and 
s t = a t / a 0  < 5 - 2 0 »  
where 
tQ = MjC/2EA (5.21) 
and oQ  is a normalizing stress. Eqs. (5.16) and (5.17) are 
then transformed into 
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ds^/dx+s^ = (5.22) 
and 
s (0) = 0 (5.23) 
respectively. 
By introduction of the Laplace transforms s^(s) and s^fs) 
of s^(x) and s^fx) respectively, Eqs. (5.22) and (5.23) yield 
s (s) = H (s)s.(s) (5.24) 
"C J 1 
where 
H (s) = l/(s+l) (5.25) 
u 
Thus, the solution s (x) can be obtained as the inverse 
% 
Laplace transform of H (s)s.(s), i.e. 
J 1 
s (x) = L 1{HT(S)S. (s) } (5.26) 
L. J 1 
If, in particular, a^(t) is again the rectangular pulse 
given by Eq. (4.70), i.e. 
s±(x) = 
-1 , 0<x<A 
0 , A<x (5.27) 
where 
À = t /t (5.28) 
P o 
or, according to Eqs. (5.21), (5.28), (5.13) and (3.1), 
X = 2(A/Aj)(ct /Lj) (5.29) 
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then the transmitted stress wave becomes 
St = ~g!(T)+g1(T~X) 
(5.30) 
where g^fx) = 0 when t<0 and 
g1(x) = 1-e 
when x>0. This result is illustrated in Fig. 5.4 
(5.31) 
Fig. 5.4. Transmitted stress wave sfc through one rigid 
joint when the incident stress wave s± is a rectangular pulse 
5.3.2. Efficiency 
In terms of non-dimensional variables, the efficiency 
defined by Eq. (5.1) can be expressed as 
= /sjW/sJdT (5.32) 
When, in particular, the incident stress wave is a rectangular 
pulse, Eqs. (5.27), (5.30), (5.31) and (5.32) yield 
n = 1-(1-e A)/À (5.33) 
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Numerical results for n, according to Eq. (5.33), are 








Fig. 5.5. Efficiency n versus A. X = t^/t^ where 
t_ = M c/2EA. Rigid joint. 
U vj 
5.3.3. Discussion 
When the joint is treated as a rigid body, the transmitted 
stress wave, as illustrated in Fig. 5.4, becomes a continuous 
function of time. As can be seen from Eqs. (5.30) and (5.31) , 
the amplitude of the transmitted stress wave is lower than the 
amplitude of the incident stress wave. 
In this case the efficiency n can be expressed as a func­
tion of the single parameter X, which is directly proportional 
to m but inversely proportional to r. As is illustrated in 
166 
Fig. 5.5, n is an increasing function of A. Therefore, the 
result obtained for the rigid joint is qualitatively the 
same as that obtained for an elastic joint. However, it is 
clear that results obtained for the rigid joint must be 
erroneous when r is near or equal to one. For, in the latter 
case, the theory predicts a reflected stress wave and an 
efficiency less than one, and these predictions are obviously 
not correct. 
5.4. Comparison of 
Elastic and Rigid Joint 
5.4.1. Stress wave transmission 
When the incident stress wave (t) is a step function, 
according to Eq. (5.2), the time t assumes one of the discrete 
values 
t = ntj (n = 1, 2, ...) (5.34) 
and the joint is treated as an elastic swell, Eqs. (5.3), 
(5.4), (5.5) and (5.20) yield 
st = -l+{(r-l)/(r+l)}2t/tJ (5.35) 
By introduction of the non-dimensional time T, according to 
Eq. (5.18), Eqs. (5.34) and (5.35) are transformed into 
T = 4n/r (n = 1, 2, ...) (5.36) 
and 
st = -l+{(r+l)/(r-l)}~(r/2)T (5.37) 
respectively. 
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When r-»-00 Eq . (5.37) yields 
lim = -1+e 1 (5.38) 
3f->-oo 
Therefore, it is realized that when r-*-°° and the incident 
stress wave is the rectangular pulse given by Eq. (5.27) , 
the transmitted stress wave is given by Eqs. (5.30) and (5.31) 
for the elastic as well as for the rigid joint. However, it 
must also be remembered, of course, that when the mass of the 
joint Mt is constant and the ratio r = A /A becomes very 
J J 
large, the joint assumes the shape of a disc and the theory 
of one-dimensional stress waves is no longer applicable. 
5.4.2. Efficiency 
According to Eqs. (5.6), (5.7), (5.8) and (5.29), X is 
related to m and r as 
X = 4m/r (m = 1, 2, ...) (5.39) 
If m and p, according to Eqs. (5.39) and (5.5) respectively, 
are substituted into Eq. (5.11), the efficiency when the joint 
is treated as an elastic swell can be expressed as 
n = l-{(r2-l)2/r2(r2+l)}[l-{(r+l)/(r-l)}"(r/2)X]/X 
(5.40) 
When r-»-00 Eq . (5.40) yields 
lim n = l-(l-e S/X (5.41) 
2f->oo 
Therefore, when r^-°°, the efficie ncy is given by Eq. (5.33) 
for the elastic as well as for the rigid joint. 
Numerical results for n according to Eqs. (5.39), (5.40) 
and (5.41), have been computed for m = 1, 2, .... For 0<m<l 
the value computed for m = 1 is valid. These results are 
plotted in Fig. 5. 6, where the determined points for 




0 10 5 
X 
Fig. 5.6. Efficiency n versus X for different values of 
r. X = 4m/r. Points representing m = 1, 2, ... are connected 
with straight lines. Elastic and rigid joint. 
5.4.3. Discussion 
It can be seen that the elastic swell and the rigid body 
treatments of the joint give the same results when, for a 
constant value of X, m and r(i.e. when the joint becomes 
short and thick). It should also be observed that the rigid 
joint treatment results in efficiencies which are lower than 
those obtained from the elastic joint treatment. When m>l 
and (say) r>4, however, the difference between the results is 
small. 
169 
Consider as a particular example the situation when 
m = 5 and r = 4. Then, according to the treatment of the 
joint as an elastic swell, the efficiency becomes n = 0.836. 
In this case A = 5 and, according to the treatment of the 
joint as a rigid body, the efficiency becomes n = 0.801, i.e. 
only 0.0 35 lower. 
In the remaining part of this chapter it will be convenient 
to treat the joints as rigid bodies. 
5. Maximum Efficiency for an 
Incident Wave of a Given Length 
5.1. Introduction 
In Sections 5.2 - 5.4, efficiency of stress wave energy 
transfer through a single joint between two equal rods was 
studied for the case that the incident stress wave had a 
predetermined shape as a rectangular pulse. In particular, 
it was found that the efficiency approaches 1 when the pulse 
becomes very long. In practical situations, however, the 
length of the stress wave is mainly related to the length of 
the hammer by which it has normally been generated, and there­
fore it is not possible to increase its length above certain 
limits. Because of this limitation, it is natural to consider 
next stress waves of a predetermined length but of various 
shapes, and ask what stress wave shape results in the highest 
efficiency. Also, it is of interest to see if it is possible 
to generate such a stress wave in practice and if the corres­
ponding efficiency is considerably higher than that obtained 
for a rectangular stress wave of the same length. 
In the present section, answers will be given to the above-
mentioned questions. As in Sections 5.2 - 5.4, a single joint 
between two equal rods will be considered and, therefore, the 
efficiency of energy transfer can be expressed in terms of 
the incident stress wave S^CT) and the transmitted stress wave 
st(x) as 
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n = J{st(T)}2dx/ J{si(x)}2dT (5.32) 
-<» -00 
For the sake of simplicity, it is assumed that the joint 
behaves like a rigid body. This means that the transmitted 
stress wave s^_(x) is related to the incident stress wave 
s^(t) by the differential equation 
dst/dx+st = s i (5.22) 
and the initial condition 
s (0) = 0 (5.23) 
Also, it is assumed that s (x) = 0 when x<0 and that the 
duration of the incident stress wave is X, i.e. s^x) = 0 
when x<0 and x>X. 




t(T) = e T^eSs.(s)ds (5.42) 
o 
It is now easy to see that Eqs. (5.32), (5.22) and (5.23) 
or, alternatively, Eqs. (5.32) and (5.42), express how n 
depends on the function s^x) in the given interval 0<x<A. 
The function s^(x) , 0<x<X, will now be determined in such 
a way that, for a given value of X, the efficiency ri assumes 
its maximum value. Also, the corresponding maximum efficiency 
n will be determined as a function of X. 
5.5.2. Analysis and results 
In order to restate the problem in a more convenient way, 
Eq. (5.22) is Fourier transformed into 
(5.43) 
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where s (to) and s. (OJ) are the Fourier transforms of s (T) 
t 1 - °° _ iüJT 
and s. (T) respectively (s (to) = fe WTs (X)dx etc.)-
i "c L-
By using Parseval's relation and Eq . (5.43), Eq. (5.32) 
can be transformed into 
ce x °o - 2 
ri = [k (to) s^ (w) s^ (to) dto/ j|s^(to)| dw (5.44) 
whe re s. denotes the complex conjugate of s. and i i 
K(u>) = l/(l+to2) (5.45) 
By using the convolution theorem and again Parseval1 s 
relation, Eq. (5.44) can be transformed into 
X - r 2 
n = J(X*s±) (T)s±(T)dx/JIs± (T) I di (5.46) 
0 0 . 
where 
K { t) = (1/2)e |T| (5.47) 
X 
K * s^ =  JK ( T-S)s^(s)ds (5.48) 
0 
and where use has been made of the condition that s^(r) =0 
for T<0 and T>A. 
^ By introducing the notation (f,g) for the inner product 
y*f(T)g(T)dT of the functions f(i) and g(x), Eq. (5.46) can 
be written in a more compact way as 
n = (X*si,si)/(si,si) (5.49) 
Since multiplication of S^(T) with a constant factor (^0) 
obviously does not influence the efficiency n > it may, without 
loss of generality, be assumed that 
(s . ,s . ) = 1 (5.50) 
i i 
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and consequently, the efficiency ri takes the form 
n = (X* s±,s±) (5.51) 
The problem initially stated is now transformed into 
determining s^x), subject to the subsidiary condition (5.50), 
in such a way that n, as given by Eq. (5.51), attains its 
maximum value. Since the kernel K(r-s) in the integral trans­
form K*s^ is symmetric, i.e. 
K{ x-s) = K(s-t) (5.52) 
the solution of the problem can be obtained from the solution 
of the eigenvalue problem (see e.g. COURANT & HILBERT, 1970) 
K*s* = n1s^ (5.53) 
where n ̂  is the largest eigenvalue and 
s* = s± ( 5 . 5 4 )  
is the corresponding eigenfunction. According to Eqs. (5.50), 
(5.51), (5.53) and (5.54), the maximum efficiency n becomes 
equal to the largest eigenvalue n1/ i.e. 
n  =  n 1  ( 5 . 5 5 )  
Eqs. (5.53)-(5.55) yield 




Jk ( T-S) s^ (s) ds =ns^(X) (5.57) 
0 
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This homogeneous integral equation can, by repeated 
differentiation, be transformed into the equivalent differ­
ential equation 
d2s./dT2+<^2s. = 0 (5.58) 
i i 
with the boundary conditions 
ds^/dx(0) = s^(0) (5.59) 
and 
ds./dx(X) = -s±(X) (5.60) 
In Eq. (5.58) ÏÏ is related to n as 




where is related 
yield for 0<t<X 
= D^{flcos(nx)+sin(flT 
to A by the equation 
tan(fiA) = 2ft/(ft2-l) 
} (5.62) 
(5.63) 
Eq. (5.61) shows that the smallest positive root ft( X )  of 
Eq. (5.63) corresponds to the maximum efficiency n (= the 
largest eigenvalue n "S . 
The constant (^0) in Eq. (5.62) does not affect the 
efficiency n and can be chosen arbitrarily, for example so 
that si<0 and Eq. (5.50) is satisfied. 
From Eqs. (5.62) and (5.63) it can be seen that s^(0) = 
= s^(X) and that |S^(T)| attains its maximum value for T = X/2. 
Numerical results for S ^ ( T ) according to Eqs. (5.62) and 
(5.63) are plotted in Fig. 5.7. D-^ was chosen so that 
s (X/2) = -1. In Fig. 5.8, the efficiency n(X) according to 
Eqs. (5.61) and (5.63) is plotted. In the same diagram is 
also plotted the efficiency n(X) according to Eq. (5.33), which 
is obtained when s^(x) is a rectangular pulse with the length X. 
In Fig. 5.9, the difference An between the two above-mentioned 
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Fig. 5.7. Incident stress wave S ^ ( T ) of length X giving 
maximum energy transfer through a single rigid joint versus 







20 10 0 
X 
Fig. 5.8. Efficiency n versus X for a r ectangular inci­
dent stress wave and for the incident stress wave of the same 
length that gives the maximum possible energy transfer. One 
rigid joint. X = t /t^ where t^ = MjC/2EA. 
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0.05 
20 10 0 
X 
Fig. 5.9. Difference between the maximum possible effi­
ciency for an incident stress wave of a given length and the 
efficiency for a rectangular incident stress wave of the same 
length versus A. Rigid joint. A = t /t where t = M C/2EA. 
pü OJ 
5.5.3. Discussion 
From Eqs. (5.62) and (5.63) and Fig. 5.7, it can be seen 
that the incident stress wave that yields the maximum possible 
efficiency n for a given length A of the str ess wave is 
generally constituted by a symmetric portion of a half sine 
period. This portion is an increasing function of A. Thus, 
for very small values of A ( A->-0) , the incident stress wave 
degenerates into a rectangular pulse, whereas for very large 
values of A ( A-*°°), the stress wave degenerates into a pulse 
shaped as a half sine period. 
In Fig. 5.8, it can be seen that the efficiency n dep ends 
on the stress wave length parameter A in a sim ilar way as it 
does when the incident stress wave is a rectangular pulse. 
Thus, n+0 when A-*-0 and ri-»-1 when A-»-00. It can also be seen 
from Figs. 5.8 and 5.9 that, if the incident stress wave is 
a rectangular pulse of a given length, the efficiency n can 
never be increased as much as 0.04 by only changing the shape 
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of this stress wave. Consider as a particular example again 
the situation when X = 5. Then, for a rectangular incident 
stress wave the efficiency n = 0.801 cannot be increased by 
more than approximately 0.026. This means in other words 
that the loss can be decreased from 19.9 per cent to 17.3 
per cent but not less than that. However, it should be 
noticed that the stress wave shape which leads to maximum 
efficiency is not easily generated by impact. For larger 
values of X the reduction of loss becomes more important. 
When, for example, X = 20 (which would be exceptional in 
percussive drilling), the losses can theoretically be reduced 
by more than 50 per cent. In such a case, however, the effi­
ciency is anyhow very near 100 per cent. 
5.6. Several Rigid Joints 
5.6.1. Stress wave transmission 
When transmission of a stress wave through one rigid joint 
is considered, the relation between the Laplace transforms 
s (s) and s^s) of the transmitted and incident stress waves, 
respectively, is given by Eqs. (5.24) and (5.25). If, instead, 
stress wave transmission through N equal joints between N+1 
equal rods is considered, and if repeated reflections between 
the joints are not taken into account, then obviously 
s (s) = (H (s)}Ns. (s) (5.64) 
t j i 
where 
H (s) = l/(s+l) (5.25) 
U 
s (s) denotes the Laplace transform of the stress wave s (T) 
which is transmitted through the Nth joint, and s^(s) denotes 
the Laplace transform of the stress wave s^x) which is inci­
dent towards the first joint. 
Thus, the solution st(x) can be obtained as the inverse 
Laplace transform of {H (s)}^s.(s), i.e. 
u 1 
st(x) = L_1{ [Hj(s)]Ns±(s) } (5.65) 
If, in particular, s.(x) is again the rectangular pulse 
with length \ given by Eq. (5.27), then Eqs. (5.64) and (5.25) 
yield 
st(s) = (~l+e"As)/s(s + l)'V (5.66) 
This expression for s^(s) can be transformed into 
% \ N 
s (s) = ("1+e S){l/s- E 1/(s+1)n} (5.67) 
n=l 
Hence, after inverse Laplace transformation, the transmitted 
stress wave is obtained as 
st = -g/l/(x)+g/1/(x-X) (5.68) 
where = 0 when x<0 and 
N 1  
g N ( j )  =  1- Z x n e~T/(n-1) ! (5.69) 
n=l 
when x>0. This result is illustrated in Fig. 5.10. 
If, in particular, N = 1, Eq. (5.69) agrees with Eq . (5.31) . 
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Fig. 5.10. Transmitted stress wave s through N  rigid 
joints when the incident stress wave s^ is a rectangular pulse 
and A = 10. 
5.6.2. Efficiency 
From Eqs. (5.32) and (5.27) the efficiency of stress wave 
energy transfer through the N joints is obtained as 
oo 
n = (1/À) f s^dx (5.70) 
0 
where ^^(t) is given by Eqs. (5.68) and (5.69). Consequently, 
H is a function of A and N, and if, in particular, N = 1, 
Eqs. ( 5 . 68)-( 5 . 70) yield the result already obtained in Eq. 
(5.33) . 
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Numerical results for n ac cording to Eqs. (5.68)-(5.70) 
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X 
Fig. 5.11. Efficiency n versus X for d ifferent numbers 
of rigid joints N. X = t /t^ where tQ = MjC/2EA. 
5.6.3. Discussion 
The amplitude of the transmitted stress wave is an increas­
ing function of the parameter X but a decreasing function of 
the number of joints N. From Fig. 5.11 it can be seen that the 
same is true for the efficiency n, i.e. n is an increasing func­
tion of X but a decreasing function of N. It can also be shown 
that the relative loss of energy when a joint is added (N is in-
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creased to N + l )  becomes less with an increasing number of 
joints N. This implies that the stress wave, when passing 
the joints, is transformed in a favourable way with respect 
to transmission through joints. 
5.7. Experiment 
5.7.1. Equipment 





Fig. 5.12. Experimental apparatus. 
A standard joint was placed between two equal standard 
rods in a drop-hammer with a cylindrical hammer. The cross 
sectional area of the hammer was approximately equal to the 
cross sectional area of the rods and its length was = 0.50 m. 
Therefore, when striking one of the rods, the hammer produced 
an approximately rectangular stress wave a. of width t = 0.2 ms. 
X ir 
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On the upper rod two sets of strain gauges, compensated 
for bending, were mounted. The upper gauges were connected 
via a trigger unit to the trig input of a Tektronix oscillo­
scope and the lower gauges were connected to the input of 
one of the channels of the oscilloscope via a conventional 
Wheatstone bridge circuit. 
On the lower rod, another set of strain gauges, also 
compensated for bending, were mounted. These gauges were 
connected to another channel of the oscilloscope, again via 
a conventional Wheatstone bridge circuit. 
The trigger unit was adjusted to give two output trigger­
ing pulses, the first pulse immediately before the arrival 
of the incident stress wave o ̂ to the second gauge on the 
upper rod and the second pulse immediately before the arrival 
of the transmitted stress wave a to the gauge on the lower 
rod. The incident and reflected stress waves were recorded 
by means of a camera. 
5.7.2. Procedure 
Incident (0^) and transmitted (a^.) stress waves were re­
corded. The rod cross sectional area, the joint cross 
sectional area and the joint length were determined to be 
A = 1.16 10 ^m^, A = 3.05 10 "^m^ and L = 0.220 m respectively. 
J J 
5.7.3. Results and comparison of theory and experiment 






Fig. 5.13. Comparison between theoretical and experimental 
results. 
From the incident stress wave record, the duration (half-
width) of the incident stress wave can be determined as 
t = 0.21 ms. According to Eqs. (5.21), (5.13) and (3.1) and 
P -3 
the assumption that c = 5.1 10-5 m/s, t^ = 0.057 ms is further 
obtained. Hence, Eq. (5.28) yields X = 3.68. From Eqs. 
(5.7) and (5.8) and from Eq. (5.6) the parameters m and r are 
determined as m = 2.4 4 and r = 2.6 3 respectively. 
The theoretical result, also shown in Fig. 5.13, is ob­
tained as follows: 
The incident wave is approximated with a rectangular 




The result obtained in Section 5.3 for the rigid joint 
is chosen for the transmitted wave (since m is not an integer 
in the situation considered, the result obtained in Section 
5.2 for the elastic joint is not applicable). Thus, accord­
ing to Eqs. (5.19), (5.20), (5.30), (5.18) and (5.28), the 
transmitted wave can be expressed as 
and where is given by Eq. (5.31). 
Discussion 
The agreement between theory and experiment, as illustrated 
by Fig. 5.13, is quite satisfactory for many practical purposes. 
However, there are small oscillations in the measured stress 
waves without correspondence in the theoretical stress waves. 
This deviation is essentially caused by the limitations of 
the elementary stress wave theory (Appendix B). One part of 
the deviation between the transmitted stress waves may also 
be caused by the repeated reflections, not considered in the 
theory, which take place in the joint (Sections 5.2 and 5.4). 
Another part of the deviation may, of course, be explained 
by the fact that the joint is not homogeneous as was assumed 
in the theory. 
(5.71) 
where 
Gl(t) = gl(t/V (5.72) 
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SUMMARY AND CONCLUSIONS 
A model describing the penetration of a conical indentor 
into a brittle rock material has been analysed. 
A necessary condition for chip formation has been formu­
lated in terms of indentor geometry (0), friction between 
indentor and rock (c}>^) and rock material properties (4>) as 
0+4>^+({)<TT/2 (2.11) 
The value of the force acting on the indentor at chip 
• 
formation (F ) has been obtained as a function of the in­
elastic part of the penetration (x^)/ the indentor geometry, 
the friction between bit and rock and the rock material pro­
perties (<t>, a ) as 
F* = k xl (2.15) 
co d 
where kcQ is an increasing function of 0, <j>^, < j> and a c which 
is illustrated in Fig. 2.10. 
A lower bound (K ) has been obtained for the ratio of 
co 
crater volume (7) and work (W) performed by the force acting 
on the indentor, i.e. 
y/W>K (2.21) 
co 
where K is a function of 0, <)>-, <J> and A which is illustrated 
co f c 
in Fig. 2.13. K is a decreasing function of 0 and <(>,., which 
co t 
indicates that a sharp cone angle and a low friction is 
favourable. 
The results obtained for a conical indentor have been com­
pared with the corresponding results obtained for a wedge-
shaped indentor by PAUL & SIKARSKIE (1965). Many results are 
similar. Thus, for example, the condition (2.11) is identical 
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to that obtained for a wedge-shaped indentor if 0 denotes the 
half wedge-angle. A main difference, however, is that for 
a wedge the force-penetration envelope is linear instead of 
parabolic. 
The theoretical results obtained for a conical indentor 
have also been compared with experimental results. The best 
agreement between theory and experiment as regards the force-
penetration envelope (2.15) is obtained when too low values 
are assigned to the parameters <f>f, < j> and a . This implies 
that for actual values of these parameters, the theory gives 
an overestimation of the force at chip formation. Similar 
results were obtained by Paul & Sikarskie for a wedge, and 
in both cases, the high predicted value of the force at chip 
formation is believed to be principally due to the assumption 
that the Coulomb-Mohr failure criterion must be simultaneously 
satisfied over the whole final surface of failure. 
For the values of cf)^, < j> and a ̂  which give the best agree­
ment between theory and experiment as regards the force-pene-
tration envelope (2.15), agreement is also obtained between 
theory and experiment as regards the inequalities (2.11) and 
(2.21). 
Since in the case of a cone-shaped indentor there are no 
disturbing end-effects as in the case of a wedge-shaped 
indentor, it is believed that, with corresponding simplifying 
assumptions, a truer description of the penetration process 
is obtained for the cone. Therefore, it appears to be 
favourable to consider a cone-shaped indentor in further de­
veloping the model which was first introduced by Paul & 
Sikarskie. Such further development should comprise an im­
proved failure criterion which need not be satisfied simulta­
neously over the whole final surface of failure. This implies 
that more importance is ascribed to the initiation of failure. 
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Models describing three basic methods of percussive rock 
destruction have been established and analysed. In general, 
the force-penetration relationship has been assumed to be 
linear during the loading as well as the unloading phase. 
The motions of the hammers and the drill rod (with the same 
material and cross sectional area as the hammers) have been 
described by means of one-dimensional stress wave theory, 
whereas the motions of the bits have been described by means 
of rigid body mechanics. Maximum forces (f^) acting between 
bits and rock and efficiencies (n) of the transfer of kinetic 
impact energy to work in rock destruction have been deter­
mined as functions of parameters essentially representing bit 
2 2 2 mass (a = 4kc M /A E ), hammer length ( 8 = 2kL /AE) and the 
B H 
degree of elastic deformation of rock (y = k/k^). 
As regards the churn drilling method the results are 
illustrated in Figs. 3.3 and 3.4. When a = 0 and 3>0.3517, 
they take the simple forms 
_ ß 
f = 2(2e"(1/2)e -1) (3.57) 
M 
and 
n = 2(l-y) (2e"(1/2)e B-l)2/3 (3.58) 
For any value of a, fM is an increasing function of ß, where­
as ri/ ( 1—y) is a decreasing function of 3. Thus, f is near 
a1/f2 for low values of 3 and approaches a constant higher value 
for high values of 3, whereas n/(l-y) is near 1 for low values 
of 3 and approaches 0 for high values of 3« This implies that 
from an energy conversion point of view, a short and stiff 
hammer with a sharp bit working in soft rock is a favourable 
combination. This is due to the fact that for such a combi­
nation the elastic as well as the kinetic energy contained 
in the hammer is very small when penetration ceases. 
Theoretically ri = 1-y for a rigid hammer. Therefore, it 
can be concluded from Eq. (3.58) when a cylindrical impact 
tool behaves nearly as a rigid hammer. Since n>0.90(l - Y )  
when 3<0.50, a criterion can be formulated e.g. as 3<<2. 
Such a criterion is of significance in many drop-hammer in­
vestigations . 
As regards the down-the-hole drilling method, the deter­
mination of f as well as n h as been based upon a single 
impact between hammer and bit. This implies that f and n 
represent lower bounds of those values that would be obtained 
if the possibility of repeated impacts were taken into account. 
The results are illustrated in Figs. 3.6 and 3.7. 
For any value of a, f^ is an increasing function of 3, 
whereas n/(l-Y) has a maximum for a value of 3 which depends 
on the value of a. Thus, f , is near 0 for low values of 3 
M 
and approaches a constant value for high values of 3, whereas 
n/ (1-y) assumes a maximum value with respect to 3 which, for 
intermediate values of a, may be higher than 0.90. Further 
H/ (1-Y) approaches 0 for high values of 3. 
The fact that n/(l- Y )  is larger than 0.90 for certain 
combinations of a and 3, indicates that, in the neighbourhood 
of such combinations of a and 3, the consideration of re­
peated impacts would not seriously influence the results. 
When a/23<<l and 3<<1, however, repeated impacts would in­
fluence the results to a large extent (Cf. churn drilling 
when a = 0). 
As regards the hammer drilling method, the determination 
of f^ as well as r) has been based upon only the first stress 
wave reflection at the bit. This implies that f and n  repre-
M 
sent lower bounds of those values that would be obtained if 
the repeated reflections occurring in the drill rod were 
taken into account. The results are illustrated in Figs. 3.10 




n  =  2 ( 1 - y ) ( l - e ~ ß ) 2 / ß  ( 3 . 1 4 0 )  
The dependence of f and n/(l - Y )  on a  and ß  is qualitatively 
similar to the dependence obtained in the case of the down-
the-hole drilling method. Also in this case, n/(l~Y) ex­
ce e ds  0 . 9 0  f o r  c e r t a i n  i n t e r m e d i a t e  v a l ue s  o f  a  a n d  ß .  
The fact that n/(l~Y) is larger than 0 . 9 0  for certain 
combinations of a and ß indicates that, in the neighbourhood 
of such combinations of a and ß, the consideration of re­
peated stress waves would not seriously influence the results. 
If, in hammer drilling, a  =  0  (which may correspond to 
an integral drill steel), then the maximum value of n/(l-Y) 
is 0.815 for ß = 1.26. The maximum value of n/(l~Y) for any 
v a l u e s  o f  a  a n d  ß ,  h ow e v e r ,  i s  0 . 9 0 2  f o r  a  =  2 . 3 2 9  a n d  ß  =  
= 1.970. Therefore, the effect of adding a proper bit mass 
in this case is to increase the efficiency. 
The two necessary conditions a  =  2 . 3 2 9  and ß  =  1 . 9 7  0  for 
maximum efficiency, n/(l~Y) = 0.902, yield two equations re­
lating the six quantities bit mass (Mß), force-penetration 
constant (k), cross sectional area of hammer and rod (A), 
hammer length (L ), sonic velocity (c) and Young's modulus 
H 
(E). If c and E are given by the values valid for steel and 
if maximum efficiency is desired, this implies that only two 
of the four quantities M , k, A and L can be chosen arbitrar-
B H 
ily . This is illustrated in Fig. 3 . 1 2 ,  and it is seen that 
combinations of M , k, A and L that correspond to maximum 
13 H 
efficiency often correspond as well to normal percussive 
rock drill designs. 
If the quantities M , k, A and L are chosen in such a 
B H 
way that the efficiency assumes its maximum value, n/(l-Y) = 
=  0 . 9 0 2 ,  the sensitivity in the efficiency to changes in 
these quantities is quite low. Thus, if M is changed up or 
B 
down by a factor of two, the relative decrease in n i s not 
greater than approximately 9 per cent. Similarly, if L is 
changed up or down by a factor of two, the relative change 
of n is not greater than approximately 36 per cent. Changes 
in k or A cause intermediate changes of ri. One implication 
that immediately follows is that from only an efficiency 
point of view, the design parameters of a percussive rock 
drill are not very critical. This explains why penetration 
velocity for different rock drills are sometimes observed to 
be, within certain limits, essentially proportional to the 
power (same rock and hole diameter). Another implication is that, 
even if there are large variations of the conditions at the 
bottom of the drill hole from one hammer stroke to another 
and even if there are large variations in the different layers 
of rock, it should still be possible to keep the average 
efficiency high. 
Similar conclusions about high efficiencies which are 
relatively insensitive to changes in the parameters M , k, A 
and L can be obtained also for the churn and down-the-hole 
H 
drilling methods. Also, for these methods, the high efficien­
cies should be possible to obtain for reasonable values of 
Mg, k, A and LR. 
The high possible efficiency of energy transfer to the 
rock (more than 90 per cent) and the insensitivity of the 
efficiency to different parameter changes do in fact, together 
with the relatively low specific energy for the rock destruc­
tion process employed (of the order of the compressive strength 
of the rock material), to a large extent explain the successful 
use of the conventional methods of percussive rock destruction. 
This also partly explains why there has as yet been no real 
breakthrough for "exotic" methods of rock destruction. 
The results obtained for the churn drilling method, the 
down-the-hole drilling method and the hammer drilling method 
are compared in Figs. 3.13 and 3.14. Generally, it is found 
that, for a constant impact velocity, the hammer drilling 
method results in the lowest forces acting between bit and 
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rock while the churn drilling method results in the highest 
forces acting between bit and rock. Further, the hammer 
drilling method generally gives an efficiency which is less 
than or equal to (when a>l and ß>na/2r) that of the down-
the-hole drilling method, while the efficiency of the churn 
drilling method may be higher or lower than the efficiencies 
of the other methods. For sufficiently low values of ß, 
however, the churn drilling method gives the highest effi­
ciency . 
Two conditions, which both ought to be satisfied in order 
to justify the rigid body description of the bit, have been 
formulated. They are given by Eqs. (3.2) and (3.3) or by 
Eqs. (3.66) and (3.67). In eight situations where these 
conditions are well satisfied, theoretical and experimental 
results for reflected stress waves have been compared for an 
experimental set up corresponding to the hammer drilling 
method. Some minor deviations between theory and experiment 
can be explained by the limitations of the one-dimensional 
stress wave theory, the description of the incident stress 
wave as a perfect rectangular pulse and the treatment of the 
bit as a rigid mass. The observed deviations are not essen­
tial in connection with the determination of maximum bit 
force or efficiency. However, they are certainly essential 
with respect to e.g. fatigue of drill rods. It is believed 
that similar results would be obtained regarding the churn 
drilling method and the down-the-hole drilling method. This 
remains, however, to be proved by experimental investigations. 
In the particular case when the bit is massless (a = 0), 
it has been investigated under which circumstances there is 
no energy transferred to the rock during the second stress 
wave reflection at the bit in hammer drilling. The result 
is that no energy is transferred if (and only if) 
ß>ß0(Y) (4.30) 
where ß^ is a decreasing function of y which is illustrated 
in Fig. 4.2. Thus, if y = 0 (completely inelastic deformation 
of the rock) there is always some transfer of energy by the 
second incident stress wave. If, on the other hand, y = 1 
(completely elastic deformation of the rock) there is, of 
course, never any transfer of energy by the second incident 
stress wave. For 0<y<l there is no second energy transfer 
provided that the value of ß is sufficiently high. This implies 
that the rock is sufficiently hard and/or the hammer is suffi­
ciently long. 
The importance of stress wave shape in hammer drilling 
has been studied for two different types of waves when the 
bit is massless (a = 0). The first wave was chosen as a 
triangular pulse and the second wave as a piece-wise constant 
pulse of the type which is generated by a hammer with dynamic 
stiffness greater than or equal to the dynamic stiffness of 
the rod. The efficiencies (n) of the transfer of stress wave 
energy to work in rock destruction have been determined as 
functions of parameters essentially representing the stress 
wave length (ß), the stress wave shape (0 and R respectively) 
and the degree of elastic deformation of rock (y). The re­
sults are shown for the triangular pulse in Fig. 4.5 and for 
the piece-wise constant pulse in Fig. 4.8. 
For a triangular pulse with its maximum amplitude in the 
beginning (0 = 0) the maximum efficiency is 0.61(l-y). If 
instead, the maximum amplitude is in the end of the pulse 
(0=1) the maximum efficiency becomes much higher, viz 
0.97(l-y). This illustrates quantitatively the well-known 
fact that from an energy transfer point of view a stress wave 
with a low amplitude in the beginning and a high amplitude in 
the end is favourable. The fact that triangular stress pulses 
normally cannot be generated by the impact of a hammer does 
not essentially reduce the value of this result. 
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In the case of a stress wave generated by a cylindrical 
hammer, the maximum possible efficiency is obtained in a 
situation corresponding to a rectangular stress pulse (R = 1). 
In agreement with previous results in this work, this maximum 
efficiency is 0.815(l-y). It should be noticed that for a 
sufficiently high constant value of 8, an increase in the 
dynamic stiffness ratio R (hammer/rod) is always accompanied 
by a decrease in efficiency. This implies that for a relatively 
long hammer, made of the same material as the rod, the highest 
efficiency is always obtained if the cross sectional area of 
the hammer is the same as that of the rod. For lower values 
of 3, on the other hand, an increase in the dynamic stiffness 
ratio R may be be accompanied by an increase in efficiency. 
This implies that for a shorter hammer, made of the same 
material as the rod, the highest efficiency may be obtained if 
the cross sectional area is greater than that of the rod. 
The loading phase of the force-penetration characteristic 
is certainly more or less non-linear for any real combination 
of bit and rock. The importance of this non-linearity in 
hammer drilling has been studied for two different idealized 
force-penetration relations. 
First, it was assumed that the force is proportional to 
the square of the penetration and, for the sake of simplicity, 
that the bit is massless and that the deformation of the rock 
is completely inelastic. For a rectangular incident stress 
wave, then, the efficiency takes the simple form 
n = 4tanh3(3)/33 (4.81) 
2 2 2 
where the parameter 3 = t^/t^ (t^ = AE /2Kc a^) represents 
the length of the incident stress wave. The result is illus­
trated in Fig. 4.11 where it can be seen that the maximum 
efficiency is 0.66, i.e. lower than in the linear case (0.815) . 
The basic difference from the linear case is, however, that here 
ß depends on stress wave amplitude (aQ) as well as on stress 
wave length (t ). Thus, for example, if the stress wave 
P 
length is increased, the stress wave amplitude must be pro­
perly decreased in order not to change the prevailing effi­
ciency . 
Secondly, it was assumed that the force-penetration 
relation has a general saw-tooth shape, that the mass of the 
bit is arbitrary, that the deformation of rock may be partly 
inelastic and that the incident stress wave is a piece-wise 
linear function of time. In a particular example that has 
been presented here, it was assumed that the saw-tooth curve 
is confined between two straight enevelopes with slopes k and 
2k as is illustrated in Fiq. 4.12. Further, a certain bit 
mass (a = 1) and a certain degree of elastic deformation 
(y = 0.001) were assumed to be given. The incident stress 
wave was assumed to be a rectangular pulse and the efficiency 
of energy transfer to the rock (n) was then determined as a 
function of parameters essentially describing the length of 
the incident stress wave (B = t /f where tn = AE/kc) and 
p 0 0 
relating the amplitude of the incident stress wave to the 
first point of discontinuity of the slope of the force-pene­
tration curve (5 = kx^/Aa^). The efficiencies were compared 
with those obtained when the loading portion of the force-
penetration curve is linear with a slope hk (l<h<2). As a 
main result it is found that for certain values of h the effi­
ciencies agree remarkably well, Figs. 4.13 and 4.14. There­
fore it should often be possible to approximate a real force-
penetration curve (which may be far away from a straight line) 
by a straight line. This justifies, to a large extent, the 
usually made assumption in this work that the loading portion 
of the force-penetration relation is linear. As in the case 
of a parabolic force-penetration relationship, it is also seen 
that the efficiency here depends on stress wave amplitude as 
well as stress wave length. 
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Generally, in this work, it has been assumed that there 
is only a rod with constant cross sectional area between the 
hammer and bit in hammer drilling. This is often a good 
approximation of real situations. When this is not the case, 
the results still often apply if only a part of the drill 
rod immediately above the bit is considered. In such a case 
the energy of the incident stress wave is considered instead 
of the impact energy etc. 
In certain applications such as deep hole drilling, how­
ever, the losses of stress wave energy due to the influence 
of joints between rods are most essential. Therefore, the 
phenomenon of stress wave energy transfer through joints be­
tween rods has been studied. 
Two different models describing the joint behaviour have 
been analysed. In the first case, it was assumed that the 
joint behaves as an elastic swell on the rod. In the second 
case, it was assumed that the joint behaves as a rigid body. 
Therefore, in both cases, only losses due to stress wave 
reflection were taken into account even though the frictional 
losses may be important. 
For the transfer of stress wave energy through a single 
elastic joint by a rectangular stress wave, the efficiency 
(n ) becomes a function of two parameters representing the 
length of the stress wave relative to (twice) the length of 
the joint (m) and the ratio of joint cross sectional area to 
rod cross sectional area (r). The result is shown in Fig. 5.3. 
The efficiency is an increasing function of m>0 (notice that 
the efficiency is unaffected by m when 0<m<l) and a decreasing 
function of r>l, and it approaches 1 when r+l or m-»-00. Thus, 
long stress waves and joints with as much as possible the 
same cross sectional area as the rod are favourable. 
When the joint is assumed to be rigid, the efficiency 
becomes 
n = 1- ( l-e x ) / x  (5.33) 
where the parameter X is relat ed to m and r as X = 4m/r. 
This result is illustrated in Fig. 5.5. 
The results obtained for the single elastic and rigid 
joint are compared in Fig. 5.6. When, for a constant value 
of X, r+°° the two treatments yield the same result. When 
(say) m>l and r>4 , the efficiency obtained for the rigid 
joint is only slightly lower than the efficiency obtained 
for the elastic joint. 
From the analyses of a single elastic as well as a rigid 
joint it follows that the efficiency increases with the length 
of a stress wave which has a predetermined shape as a rectan­
gular pulse. Another problem that has been studied is the 
following: Suppose that the length of the incident stress 
wave is given together with the parameters describing joint 
and rod geometry and material properties (for a rigid joint 
all these parameters can be represented by the single para­
meter X defined previously). How then shall the shape of the 
stress wave be chosen in order to maximize the efficiency? 
The answer that has been found, for a rigid joint, is that 
the shape shall be that of a half period sine pulse which is 
symmetrically cut off in both ends. This is illustrated in 
Fig. 5.7. For small values of X (X -*0) the pulse degenerates 
into a rectangular pulse, whereas for large values of X 
(X-»-«») the stres s wave degenerates into a half period sine pulse. 
The maximum possible efficiency is compared with the efficien­
cy when the stress wave is a rectangular pulse in Figs. 5.8 
and 5.9. The (absolute) difference between the efficiencies 
never exceeds 4 per cent. Therefore, a rectangular stress 
wave yields an efficiency which is not very far below the 
maximum possible efficiency for the same length of the stress 
wave. When, for example, X = 5 the rectangular incident 
stress wave leads to an efficiency which is T] = 0.801, while 
the maximum possible efficiency for the same stress wave 
length is only approximately 0.026 higher. 
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The problem of finding the most favourable shape of a 
stress wave with a given length as regards transmission 
through N j oints can possibly be solved by means of similar 
methods as have been employed here when N = 1. This problem 
is, however, left for subsequent investigations. 
When a stress wave passes through a number of joints, the 
shape of the transmitted stress wave is changed by the in­
fluence of each joint. Therefore, there is not, of course, 
a constant relative energy loss for each joint. In order to 
study the efficiency of energy transfer through several joints, 
N eq ual joints between N+l equal rods have been considered 
when the incident stress wave towards the first joint is a 
rectangular pulse. The efficiency of energy transfer n* 
based upon only the stress wave transmitted straight through 
the joints, is illustrated in Fig. 5.11 as a function of N 
and X. n is, of course, a decreasing function of N a nd, again, 
an increasing function of A. 
The theoretical result for a stress wave transmitted 
through a single rigid joint has been compared with that 
measured in a single experiment. The agreement indicates that 
the theory yields reasonable results. Minor deviations be­
tween theory and experiment can be explained by the limita­
tions of the one-dimensional stress wave theory, the fact 
that repeated reflections in the joint were not considered 
and, possibly, by the fact that the joint was treated as homo­
geneous. Since there was just a single experiment performed, 
however, more comprehensive investigations are needed in order 
to facilitate a conclusive judgement of the accuracy of the 
theory. Establishment of simple models which take into ac­
count the fact that the joint is heterogeneous and also the 
influence of friction appears to be an area of interest for 
further investigations. 
In this work efficiencies for a number of processes con­
nected with percussive destruction of rock have been deter­
mined and it has also been shown under what circumstances 
certain efficiencies become as high as possible. In this 
connection it must be pointed out, however, that in the 
design of percussive rock drills overall costs and overall 
efficiencies must be considered. Consequently, it is seldom 
possible or even desirable to make every considered efficiency 
a maximum. Instead, some lower values of the efficiencies 
must be chosen. This problem of percussive rock drill design, 
however, is far beyond the scope of the present work. 
Even if percussive destruction of rock has been primarily 
considered in this work, it is felt that several of the re­
sults obtained might be applicable in other connections. 
Thus, in Chapter 2, where penetration of an indentor into 
rock material has been considered, the material need not 
necessarily be rock. The results obtained in Chapters 3 and 
4 might be applicable not only to the destruction of rock, but 
also to other related material destruction, compacting or 
forming processes. Further, the models representing bit -
rock and rods - joints could as well represent other 
linear or non-linear and elastic or inelastic structures in 
general which are impulsively loaded. 
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B. ELEMENTARY 
STRESS WAVE THEORY 
B.l. Wave Equation 
Consider a cylindrical rod with cross sectional area A, 
Young's modulus E and density p. Take the axis of the rod 
as z-axis. Assume that plane cross sections remain plane 
after deformation and let w(z,t) denote the longitudinal 
displacement of a cross section in the positive z-direction. 
Then, the one-dimensional wave equation 
82w/9t2 = C 2 3 2 W / 3 Z 2 (B.l) 
where 
c2 = E/p (B.2) 
is obtained from the equation of motion of a mass element 
pAdz of the rod. 
The general solution of Eq. (B.l), d'Alembert's solution, 
is 
w(z,t) = w^ (z-ct)+w2 (z+ct) (B. 3) 
where w^ and w2 are arbitrary functions that can be deter­
mined from given initial conditions (see e.g. NAGEL, 1966). 
The functions w1 and w2 can without loss of generality be 
expressed as 
w. = w (z-ct)+a, (z-ct)+b.. (B.4) 
1 p i 1 
and 
w_ = w (z+ct)+a_(z+ct)+b„ 
2. n £ *• 
(B. 5 ) 
respectively. a^, a ,̂ and b^ are arbitrary constants and 
w and w are arbitrary functions which do not contain terms 
p n 
of the types a^(z-ct)+b^ and a2(z+ct)+b2 respectively. 
Therefore, the general solution w can alternatively be ex­
pressed as 
w = w (z-ct)+w (z+ct)+e.z+u~t+w. (B.6) 
p n 0 0 0 
where = a^+a^, u^ = c(a2~a^) and wQ = are arbitrary 
constants. 
Wp and w^ can be interpreted as particle displacement 
waves which propagate with the sonic velocity c in the 
positive and negative z-directions respectively. For steel, 
E = 2.0 10"'""'" N/m^ and p = 7.8 103 kg/m3 and therefore, accord­
ing to Eq. (B.2), c = 5.1 103 m/s. 
It should be observed that the waves w and w are not 
P n 
distorted during their propagation. This implies that the 
wave propagation is non-dispersive. According to more ac­
curate approximate theories of elastic wave propagation, 
however, the propagation velocity for a harmonic wave is a 
function of the wave length, which means that the wave propa­
gation is dispersive and that a propagating wave, which is 
not harmonic, is distorted (e.g. LOVE, 1927; MINDLIN & HERR­
MANN, 1951). This result is also obtained if the fundamental 
equations of linear elasticity are solved (POCHHAMMER, 1876; 
CHREE, 1889). Also, there exist not only one but infinitely 
many modes of wave propagation. For the lowest mode (which 
corresponds to the lowest wave propagation velocity for a 
given wave length), however, the wave propagation velocity 
for a harmonic wave is very near c as given by Eq. (B.2) 
provided that the wave length is much larger than the lateral 
dimensions of the bar (say more than 10 times). This result 
was obtained for a circular cylinder by DAVIES (1948) . For 
waves of finite lengths, the implication is that the elementary 
theory presented here gives more accurate results the longer 
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the waves (or the significant details of the waves) are in 
comparison with the lateral dimensions of the rod. In 
situations corresponding to percussive rock destruction the 
elementary theory is often found to give a satisfactory 
accuracy (see e.g. FISCHER, 1960) . 
The physical interpretation of the constant w^ is a con­
stant displacement of the rod. 
B.2. Particle Velocity and Stress 
The particle velocity in the positive z-direction is 
u = 3w/9t (B.7) 
i.e. according to Eqs. (B.6) and (B.7), 
u = u (z-ct)+u (z+ct)+u 
p n u 
i 
where (with w (z) = dw(z)/dz) 
P 
I 
u = -cw (z-ct) 
p p 
and 
u = cw (z+ct) (B.10) 
n n 
u and u can be interpreted as particle velocity waves which 
P n _ 
propagate with the sonic velocity c in the positive and nega­
tive z-directions respectively. 
The physical interpretation of the constant u^ is a 
constant velocity of the rod. 
The strain in the rod is 
(B. 8 ) 
(B. 9 ) 
e = 3w/9z (B.11) 
and, according to Hooke1 s law, the stress is 
o = Ez (B.12) 
Therefore, according to Eqs. (B.6), (B.ll) and (B.12), the 
stress can be expressed as 
a = ap(z-ct)+an(z+ct)+a0 (B.13) 
where 
I 
°p = Ewp(z_ct) (B.14) 
an = Ewn(z+Ct) (B.15) 
and 
Op and a^ can be interpreted as stress waves which propagate 
with the sonic velocity c in the positive and negative 
z-directions respectively. 
The physical interpretation of the constant eQ is a 
constant strain in the rod, while that of oQ is a constant 
stress in the rod. 
According to Eqs. (B.9), (B.10), (B.14) and (B.15), 
Up = ~(C/E)ap (B . 17 ) 
un = (c/E)an (B.18) 
For steel again, c = 5.1 103 m/s and E = 2.0 10"^ N/m2. 
Normally, in percussive drilling la I and la | <300 MN/m2 
p n 
This implies that |u | and |u | <7.65 m/s, i.e. lu | and lu |< 
P n p n 
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B.3. Energy 
The kinetic energy due to the particle velocity u is 
WK = (pA/2 ) J u^dz (B.19) 
while the elastic energy due to the stress a is 
W E = (A/2E)Ja2dz (B.20) 
The total energy is 
W  =  W + W  ( B . 2 1 )  
T K E 
If it is assumed that u^ = 0 and = 0, then Eqs. (B.19)-
(B.21) can be expressed as 
WK = (A/2E) f (0p+0^-2ap0n)dz 
W£ = (A/2E)|(ap+o^+2apan)dz 
and 
WT = (A/E)/(°p+a^)dz (B.24) 
respectively. 
When, in particular, the stress waves and are not 
overlapping, i.e. Gp0n E 0, then 
W = W„ (B . 25 ) 
K E 
Thus, when the stress waves and on are not overlapping, 
then the total energy is composed of equal parts of kinetic 
energy and elastic energy. 
If the stress waves a and o are considered for a constant 
P n 




Wm T = (Ac/E) /(cfp+a^) dt (B.26) 
The first term gives the stress wave energy associated 
with °n and the second term gives the stress wave energy 
Jr 
associated with o 
n 
B*4. Reflection and Transmission 
If at a certain position z = z , there is a change in 
rod configuration, then the phenomena of stress wave reflec­
tion and transmission may occur. In general, the reflected 
and transmitted stress waves can be determined from the 
conditions that (particle) velocity and force are continuous 
at z = ZQ. 
Consider as an example the situation when A = A^, E = E^ 
and c = c± for z<zQ, and when A = A2, E = E2 and c = c2 for 
z-zQ• Assume that an incident stress wave a (z-ct) arrives 
ir 
at z = zQ. Then a reflected stress wave a (z+ct) and a 
transmitted stress wave a -(z-ct) are generated at z = z . 
Pz 0 
Introduce for convenience o.(t) = a ,(z-ct), a (t) = a (z + 
i pi 0 r nl 0 
+ct) and crt (t) = ap2^zo_ct^* Then, according to Eqs. (B.8), 
(B.17) and (B.18), continuity of particle velocity requires 
-(C1/El)ai+(C1/El)ar = ~(C2/E2)at (B•27) 
Further, according to Eq. (B.13), continuity of force requires 
Al(ai+ar} = A2at (B.28) 
By introduction of the impedance or dynamic stiffness 
Z = AE/c, one obtains 
Gr = -{ (Z1-Z2)/(Z1+Z2) }G± (B.29) 





In particular, it is seen that when 7,^/Z^ 0, i.e. when 
the end z = z. is free, then o = -a., i.e. a tensile wave 
0 r i 
is reflected as a compressive wave and vice versa. When, on 
the other hand, Z /Z^-»-» , i.e. when the end z = zQ is fixed, 
then a = a., i.e. a tensile wave is reflected as a tensile 
r i ' 
wave etc. When Z^ = Z^, finally, then ar = 0, i.e. no re­
flected stress wave is generated. 
The problem of determining the motions and states of 
stress of two impacting bodies is similar to the problem of 
determining reflected and transmitted stress waves discussed 
above. The particle velocities and states of stress are 
obtained from Eqs. (B.8), (B.13), (B.17), (B.18) and condi­
tions of continuity of particle velocity and force at sections 
that are fixed together. At the impact surfaces particle 
velocity and force are continuous as long as there is contact 
between the bodies (the state of stress is compressive on 
both sides). Before impact and after separation of the 
bodies, stress wave reflection at the two separate free ends 
must be considered. 
Consider as a simple example the longitudinal impact be­
tween two equal semi-infinite and cylindrical rods. Assume 
that the velocity of the rod which at time t = 0 occupies 
—°°<z£0 is V while the rod, which at time t = 0 occupies 
0<z<°°, is initially at rest. Assume also that both rods are 
initially free from stresses. Then for t>0 there is a stress 
wave travelling in the negative z-direction generated 





positive z-direction generated in the impacted rod. Since 
obviously and are compressive, force and particle 
velocity must be continuous at z = 0 and therefore, 
and 
a = a 
n p 
(c/E)o +V = -(c/E)a 
n P 
From Eqs. (B.33) and (B.34) one obtains 
a = a = -EV/2c 
n p 






0 , -°°<z<ct 
-EV/2c , -ct< z<0 (B.36) 
and 
°P = 
-EV/2c , 0<z<ct 
0 , ct<z<°° (B.37) 
A large number of general and complex impact problems 
have been thoroughly treated by FISCHER (196 0). 
B.6. Terminology 
Particle displacement waves, particle velocity waves, 
strain waves and stress waves are closely connected. Some­
times, they are all referred to as elastic waves. Here, 
however, the term stress wave is normally used. 
It must be observed that the stresses a and o associated 
P n 
with stress waves are not in general equal to the stress a in 
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the rod. According to Eq. (B.13), however, the stresses a 
r 
and a are equal to the stress a in the rod when a = 0 and 
n u 
for such z and t that a and o do not overlap. 
P ^ 
If a >0 the wave a is said to be tensile and if a <0 it is 
P P P 
said to be compressive. 
If two stress waves (or pulses) travelling in the same 
direction can be made equal by changing only their amplitude 
and length scales, they are said to have the same shape. 
Otherwise, they are said to have different shapes. 
In most cases the stress waves are considered for a con­
stant value ZQ of z and notations like, for example, 
o (t) = a ,(z -ct) are introduced. In such a case, a.(t) 
i pi 0 1 
represents the stress wave o ^(z-ct) and from a physical point 
of view it is convenient to refer also to a (t) as a stress 
wave. 
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C. DETERMINATION OF Ç(T) 
C.l. The Case 0<a<l 
C.l.l. The interval 0<x< ß 
With the introduction of the symbol D = d/dT, Eq. (3.22) 
can be expressed as 
(D-a)(D-b)Ç = 4/a (C.l) 
where 
and 
a = 2(-1+A)/a (C.2) 
b = 2(-1-A)/a (C.3) 
A = (1-a)1/2 (C.4) 
With respect to the initial conditions (3.23) and (3.24) the 
solution is 
K = l+{(b+l)/(a-b)}eaT-{(a+l)/(a-b)}ebT (C.5) 
C.l.2. The interval ß<x<2 ß 
Eqs. (3.31) and (C.5) yield 
where 
!D-a) (D-b) Ç = -4/a+Piea(T ß)+P2eb(T ß) (C.6) 
Px = {(b+1)/(a-b)}(-a2+4a/a-4/a) (C.7) 
and 
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P2 = {(a+1)/(a-b)}(b2-4b/a+4/a) (C.8) 
According to Eqs. (3.32), (3.33) and (C.5), 
£(ß) = (C.9) 
and 
where 
dÇ(B)/dT = v (C.10) 
Ç = l+{(b+l)/(a-b)}eaß-{(a+l)/(a-b)}ebß (C.11) 
and 
v1 = {a(b+l)/(a-b)}eaß-{b(a+l)/(a-b)}ebß (C.12) 
The general solution of Eq. (C.6) takes the form 
Ç = -1+{P /(a-b)}ea(T_ß)(T-ß-l/(a-b)}-
-{P /(a-b)}eb(T_3){T-ß+l/(a-b)}+ 
+B1ea(T"ß)+B2eb(T_ß) (C.13) 
The constants and B2 are determined from the conditions 
(C.9) and (C.10) and Eq. (C.13). The result is 
B = (R2-bR1)/(a-b) (C.14) 
and 




R1 = Ç1+1+(P1+P2)/(a_b)2 (C.16) 
R2 = ^1+(p2-P1)/(a-b)+(P1a+P2b)/(a-b)2 (C.17) 
C.2. The Case a = 1 
C.2.1. The interval 0<T<ß 
Eq. (3.22) can be expressed as 
(D+2)2Ç = 4 (C.18) 
With respect to the initial conditions (3.23) and (3.24), the 
solution is 
Ç = 1-(1+T)e_2x (C.19) 
C.2.2. The interval ß<x<2ß 
Eqs. (3.31) and (C.19) yield 
(D+2)2 £ = -4 + 16(T-ß)e~2(T~ß)+8e~2(T_ß) (C.20) 
According to Eqs. (3.32), (3.33) and (C.19), 
Ç(3) = Z1 (C.21) 
and 
dÇ (ß)/dx = v1 (C.22) 
where 
= 1-(1+ß)e 2ß (C.23) 
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and 
v = (l+2ß)e"2ß (C.24) 
The general solution of Eq. (C.20) takes the form 
Ç = -1+(8/3)( T - ß )3e"2(T"ß)+4( T - ß )2e"2(T_ß)+ 
+{B1+B2 ( T - ß )}e"2(T_ß) (C.25) 
The constants B and B2 are determined from the conditions 
(C.21) and (C.22) and Eq. (C.25). The result is 
B = 1+^ (C.26) 
and 
B2 = 2(l+Ç1)+v1 (C.27) 
The Case a>l 
C.3.1. The interval 0< T < i  
Eq. (3.22) can be expressed as 
(D2-2aD+a2+b2)Ç = 4/a (C.28) 
where 
and 
a = -2/a (C.29) 
b = 2T/a (C.30) 
T = (a-l)1/2 (C.31) 
2 2 2  
With respect to the initial conditions (3.23) and (3.24), 
the solution is 
5 = l+eaT{(1+a)sin(bx)/b-cos(bx)} (C.32) 
C.3.2. The interval ß<x<2f 
Eqs. (3.31) and (C.32) yield 
(D -2aD+a +b2)Ç = -4/a+P^ea^T ^cos{b (x-ß) } + 
+P2ea^T ^sin{b(x-ß)} (C.33) 
where 
P1 = 8/a-2a-a2-b2 (C.34) 
and 
P2 = (4 /o t )  (b+a2/b-l/b) -b (a-1) -a2 (a+1) /b (C.35) 
According to Eqs. (3.32), (3.33) and (C.32), 
Ç(3) = K1 (C.36) 
and 
dÇ(ß)/dx = v (C.37) 
where 
cl ß 
Ç-]_ = l+e { (1+a) sin (bß)/b-cos (bß) } (C. 38) 
and 
- (a (1+a)/b+b}ea^sin (bß)+ea^cos (bß) (C.39) 
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+B2ea^T ^cos{b(t-3)} (C.40) 
The constants and B^ are determined from the conditions 
(C.36) and (C.37) and Eq. (C.40). The result is 
B1 = v1/b+p2/2b2~a(1+?i)/b (C.41) 
and 
B2 = 1+Ç1 (C.42) 
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D. THE INTEGRALS I(a,ß) AND J(a,ß) 
D.I. The Case 0<ct<l 
I = -(1+A)ea3/2A+(1-A)eb3/2A+1 (D.l) 
J= (1/4A2){-(l+A)e2a3-(l-A)e2bß+2ae~4ß/a+2-2a} (D.2) 
a = 2 (-1+A)/a (D.3) 
b = -2(1+A)/a (D.4) 
A = (1-a)1/2 (D.5) 
D.2 The Case a = 1 
I = l-e~2 3(2 ß+1) ( D.6) 
-4 ß 2 
J = 1/2-e (4 ß +2 ß+1/2) (D.7) 
D.3 The Case a>l 
I = l-(l/r){sin(2rß/a)+rcos(2rß/cO }e~23/a (D.8) 
J = (1/2)(1-e 43/a)-(l/r2){sin(2rß/a)+ 
+ Tcos (2Tß/a) }e 4 3//asin (2rß/a) (D.9) 
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